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Fast and Slow Convergence to Equilibrium for
Maxwellian Molecules via Wild Sums

Eric A. Carlen' and Xuguang Lu’®
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We consider the spatially homogeneous Boltzmann equation for Maxwellian
molecules and general finite energy initial data: positive Borel measures with
finite moments up to order 2. We show that the coefficients in the Wild sum
converge strongly to the equilibrium, and quantitatively estimate the rate. We
show that this depends on the initial data F essentially only through on the
behavior near r = 0 of the function J(r) = jw‘) y» [v|* dF(v). These estimates on
the terms in the Wild sum yield a quantitative estimate, in the strongest physical
norm, on the rate at which the solution converges to equilibrium, as well as
a global stability estimate. We show that our upper bounds are qualitatively
sharp by producing examples of solutions for which the convergence is as
slow as permitted by our bounds. These are the first examples of solutions
of the Boltzmann equation that converge to equilibrium more slowly than
exponentially.

KEY WORDS: Boltzmann equation; Maxwellian molecules; Wild sum; global
stability.

1. INTRODUCTION

1.1. The Boltzmann Equation in L'(R?)

The spatially homogeneous Boltzmann equation describes the time evolu-
tion of the velocity density function f,(v) = f(v, t) for a dilute gas composed
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of identical particles. Hence f, should be a non-negative integrable function
on R?, and the equation itself is

0
5 W =02(/ ), (@, 1) € R*x [0, o0) (L1

where and Q is the collision integral operator given by

O£, 9W =],  Bo—0s,O)Lf() g(th) = /(v) g(ts)] do dv.

Here, v’ and vy, denote the post-collisional velocites, and they must obey the
conservation of momentum and kinetic energy:

Vv =vto, 0P ok = ol 4 ol

All such pairs of vectors may be parameterized by (unit) vectors o € S%
One particularly useful parameterization is

_v+v*+|v—v*|a v,_v+v* |v—v*|a
2 2 U2 2 7

’

ceS: (1.2

The function B is the collision kernel, which is a non negative Borel func-
tion of [v—uv,| and {v—uv,, o) only.

The results in this paper will all be obtained under two conditions on B.
The first is that we consider so-called Maxwellian molecules, meaning that
the kernel B depends only on {v—uv,, 6> /|v—1v,]:

B(v—v*,a)=B<<|Z:Z:|,a>>. (1.3)

Here, (-, -) denotes the inner product in R For background information
on the physical model, see, e.g., refs. 13 and 29. For later convenience,
we define B(¢) =0 for |¢|> 1. The second is the so-called angular cutoff
condition, which is

f: B(cos(0)) sin(0) db < oo. (1.4)

These two conditions have the following consequences. Under the
angular cutoff condition (1.4), the collision integral operator Q( f, g) can
be split into its so-called gain and Joss terms:

o(f, )W) =07(f, W) —Q (f, 8)(v) (1.5)
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where
0 (f.oW =[],  B—v.0) () g(v}) do dv,,

0 (£, 0@ =10 [, | [, BO=v.) do | 02) .

Without the cutoff condition, cancellations in Q( f, g) are crucial, and
solutions to (1.1) have only been shown to exist and studied in a certain
weak form (refs. 4, 17, 34, 3, and 2). The cutoff condition facilitates the
construction of strong solutions that can be studied in greater detail.

This is particularly true in the case that B satisfies the Mawellian
molecule condition. Then there is a constructive method, due to Wild,®® of
solving (1.1) for any non-negative initial datum f, = F € L'(R?). Wild’s
method gives the (unique) solution in the form

fi=2 e (1—e )" Q) (F)
n=1

where a=2x jg B(cos(8)) sin(f) dO |F|,» and the Q}(F) are certain
recursively defined integral expressions in F. We describe these below in
great detail, but before that, we wish to focus attention on the following
point: Wild’s formula allows one to rephrase questions about the evolution
t— f, as questions about the development of the sequence n— QF (F). As
we shall see below, they are often much more amenable in this form. This is
particularly true of questions concerning the trend to equilibrium.

As is well known, the only equilibrium (or steady-state) solutions of
(1.1) in L! are the Maxwellians. This is the family of non-negative integral
functions on R® paramterized by pe R,, ue R*and T e R, by

M, 1 (v) = pQ2aT )2 =127,

Given a non-negative function F € L}(R?), define M. to be the Maxwellian
with parameters (p, u, T') where

[, QLo o) F(v) do = (p. pu. 3pT).

For instance under the moment condition fRs 1,0, v]*) F(v)dv=(1,0,3)
the corresponding Maxwellian M, is

Mp(v)=M(v):= <%>3/2 e W2,
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It is also convenient to establish the notations

1
Pr =J F(v)dv, up =—f vF(v) dv and
R3 Pr IR

T, = 3; j lo—up|? F(v) dv. (1.6)

We shall show here that in broadest physical generality,

lim Q) (F)=M;

n— o

in the strongest physical norms, and shall obtain precise rate information on
the convergence. This in turn shall provide us with precise information con-
cerning how the rate at which f, approaches My depends on F and B.

We now turn to some technical matters and notational conventions
required for a clear statement of our main results.

Define L!(R?) to be the weighted L' space:

LUR) = {7 1WAy o= [, Q4P 7@ do<oo}, 530

where f are real or complex valued measurable function on R®.

It is well known that for any initial datum 0 < F € L}(R?), the solution
to (1.1) with (1.3)—(1.4) in the class C'([0, c0); L3(R?)) exists uniquely and
conserves the mass, momentum (or mean velocity) and energy. In fact, even
without the cutoff assumption, global existence, uniqueness, and the con-
servation laws have been proven in Toscani and Villani®” for all initial
data having finite mass and finite energy.

Because of the integrability in (1.4), we can assume (after rescaling the
time variable) that the total integral of the kernel B on S? is one:

j B({,0))do=2n j " B(cos(6)) sin(6) d6 =2z | Bl ., =1, (eSZ
S 0
(1.7)

Under this condition, for f and g non-negative integrable functions,

[ 0" (s, do=111. gl

Hence, if f and g are both probability densities, so is Q*(f, g). As a
consequence of (1.2), changing ¢ to —o does not change the product
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(') f(v%). So it is usual to assume that the angular function B(-) is even:
B(—t)=B(t),t e[ —1, 1]. This then implies that

0*(f, &) = 2%(g, f)(v).

Following Wild, we now define the Wild convolution f og of two
integrable functions f and g on R* by

fog=0"(f. 2.

By what has been said above, under the condition that B is even, the Wild
convolution is commutative. However, it is not associative under any
natural condition on B. Throughout this paper, unless otherwise stated, we
always assume that the kernel B(-) is a nonnegative even function in L'(R)
with supp B = [ — 1, 1] and satisfies the normalization (1.7).

Using this notation, and under our assumptions, we can rewrite (1.1)
in the form

0
7 /=0 SO =pe fi(®),  filico=F. (1.8)

This may be solved by iteration in a standard way, producing a solution in
the form of a so-called Wild sum®® (for instance for p, = 1):

0

fi= Zl e (1—e™)" ' QF (F) (1.9
where
Qi (F)=F
and
1 n—1
Qi) =3 ¥ Qi(F)=QLu(F),  nz2  (L10)

One can check this by showing that the right hand side of (1.9) is also an
energy conserving solution of the Boltzmann equation with the same initial
datum F, and since such solutions are unique, it is the solution.

It is known that for all non-negative F € L}(R?), the solution of (1.8)
satsifies

lim f, = M,. (1.11)

t— o0
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McKean observed an analogy between this convergence and the con-
vergence to a Gaussian distribution in the central limit theorem.?? He
proposed that there should be a central limit theorem for Maxwellian
molecules asserting that (for p, = 1)

lim Q}(F)=M;. (1.12)

n— o0
Under certain smoothness and moment assumptions on F, this was done in
ref. 12, and quantitative bounds were obtained on the rate of convergence
in (1.12). Here we take up the question of the rate of convergence in (1.12)
in full generality, making no smoothness assumptions on F, and requiring
no moment conditions other than finite energy. In fact, not only do we
make no smoothness hypothesis on F, we do not even require F to be a
function. Our arguments all work assuming only that F is a positive Borel
measure with finite second moments. After explaining what it means to
solve the Boltzmann equation in this setting, we shall finally state our
results.

1.2. Distributional Solutions

In view of statistical physics, initial data to the Boltzmann equation
are best chosen from the largest class, say the positive, finite Borel mea-
sures on R3 For the Maxwellian model under consideration, the corre-
sponding solutions, called distributional solutions, give no more essential
difficulty than the L'-solutions in dealing with existence, uniqueness, con-
vergence to equilibrium, stability, etc. Let us introduce some classes of
measures.

%,(R?) := finite Borel measures on R?

B,(R%) := {ﬂe%(R3)

o QP Rdl @ <o) 530
R

P,(R%) := {F € %,(R?

F>O,J3dF(v)=1},
R

R3

PR 0y, T) = {F € P(R?)

JRg vdF(v) = Uo:%j [v—v,|* dF(v) = T},

Let ue %,(R?), s >0. Then u defines a bounded linear functional on
C,(R?®) := C(R® n L*(R?) through

s 99 = L3 )L +[0]*)? du(v) Ve C(RY). (1.13)
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The corresponding norm || - |4 is given by

214, = sup{|<u, >l | 6 € Co(R?), ||gll» < 1} = La (A +o1»)*"* d |ul (v).
(1.14)

For s =0, ||ull4, is the total variation of the measure 4. Let C° denote the
class of C*-functions with compact supports. It is easily seen that

lels, = sup{[<u, ¢, ¢ € CZR?), .= <1} (1.15)

Of course if the measure u is also absolutely continuous with respect to
the Lebesgue measure dv, i.e., du(v) = g(v) dv for some ge L!(R?), then

lells, = llgllz!-
The following relation (see, e.g., Chapter 1 of ref. 35) is a fundamental

property of (1.2): For any f, g e L'(R?), ¢ € L*(R?) and y € L*[0, 0),

[ | ][,  B((i=ma) ) ullo—vaD) £ gt dodo, |dv
R? R3xs? lv—v

N

[l | B ((= o) )80 do [ atto=0ad 10 t00) do o
X ' (1.16)

Since a measure may have a singular part, a convention should be made for
the collision integral: For any locally bounded Borel function ¢ on R?, we
define

v

_—U*’o->>¢(y') do=¢(v) for v=r,.

Latglo o= [ B((
s |v— 4]

Under this convention, if ¢ is continuous on R3, then L;[¢] is continuous
on R3*x R3. (To prove this one can assume first that B(-) is smooth, then
use standard L'-approximation).

Now take F, Ge %,(R?. Let y(r) be a bounded Borel function on
[0, ). Let Q; (-, -) be a collision operator with the kernel B({z/|z|, o))
x(z]), z=v—wv,. Then, using (1.16), the collision integral Q;(F,G) is
defined to be the Borel measure specified through the Riesz representation
theorem by

[ 4@ dQ;(F. G0 = || | (Ls[$1(v, ) 2(lo—va])) dF(v) dG(w:)
(1.17)
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for all Borel function ¢ satisfying sup, g |#(v)| (14 |v]?) /> < 0. For y =1,
we simply write Q*(F, G) in place of O} (F, G). Asin L', we denote

FoG:=Q"%F,G)

and F o G is again called the Wild convolution of F, G € %,(R?), and when
F and G both belong to P,(R?; v,, T'), so does F o G. Under our assump-
tions on B, it is still commutative, and is still not associative.

Among the other useful properties of the Wild convolution is the
following continuity property: if F,, F,, G, G, € #,(R?), s = 0, then

”Fl oG —F,o0 Gz"eas < "Fl _F2||gaS ”Gl ”ﬂ: + ”Fz"gas ”Gl _G2||gas-

When considering distributional solutions to the Boltzmann equation,
it is usual to write it in weak form; i.e., to require that ¢z — f, be continuous
into %,(R?, ||- |l4,), that f, = F, and that

d
7 o0 =<fio 02— Flla, <fi 3. Vhe C,(R?), t>0.

As in the case of L'-solutions, the existence, uniqueness and the
conservation laws; i.e.,

Lﬁ (1, v, [v]®) a’f,(v)zfRa (1,0, [v)*)dF(v), =0 (1.18)

have been proven to hold for distributional solutions of Eq. (1.1) for
Maxwellian model®” for all initial data in %,(R?>).

Interpreting integrals of continuous measure valued functions in the
Bochner sense, this can be recast as the equivalent integral equation

fo=F+[ (foo fde=|Fls, [ fodr, 120 (119)

with initial data 0 < F € %4,(R?). Here, it is natural to require that the
solution 0 < f, € C([0, 00); %,(R?, || -||l5,)) and this then implies that f, e
C'([0, 0); %,(R?, |- || 5,)). The Wild expansion (1.9)—(1.10) also holds for
distribution solutions with ||[F||,, = 1.

Equilibria in the distributional setting are solutions of the following
equation:

FoF=|Flg F, O0<Fe#(R’), |Flg #0.
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In addition to the Maxwellian densities, there is a new class of equilibria:
The Dirac measures. Clearly, these are limits of the Maxwellian equilibria,
and it is easily checked that Maxwellian distributions and Dirac measures
are the only equilibria. (This will also be an easy consequence of the results
proved below).

As one final convention, throughout this paper, our notation does not
distinguish between Maxwellian function M(v) and Maxwellian distribu-
tion M (v) dv, and we extend the definitions (1.6) for py, u; and T, as well
as M, to distributions in the obvious way.

1.3. Main Results

Our main results concern rates of convergence in lim,_, , Q) (F) = M;
and lim, f,=M; where f, is the solution of (1.19) with f,=Fe¢
%,(R?). These rates both depend on the initial datum F, and on the colli-
sion kernel B. We obtain bounds on these rates that depend on the initial
datum F only through the rate at which lim, _, , Jz(r) = 0 where

JF(r)=jM>l/r W2dF(), r>0;  Jy(0)=0, (1.20)

and only on B through the rate at which lim, _, , 25(r) = 0 where

Qp(r) =sup ||B(- +h)_B"Ll(R)9 r=0. (1.21)

I <r

Notice that for all F € %,(R?), Jz(r) is well defined for all r > 0, and it
is always the case, by the dominated convergence theorem, that lim, _ , J(7)
= 0. However, the rate at which this convergence takes place can be arbi-
trarily slow in the class %,(R?). A slow rate of convergence in lim, _ , J(7)
= 0 means that a large part of the energy distribution is concentrated in a
small part of the mass distribution, out at high energies. Speaking more
loosely, the relaxation to equilibrium is slow when a significant fraction of
the energy is concentrated in a small fraction of the molecules.

Also note that only under the assumption that B is integrable, it will
be the case that lim, ,, 2;(r) = 0. However, once again, the rate may be
arbitrarily slow. It is convenient to define

Q3(r) = Q2,(r) [log (1) (1.22)
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We may now state our main result:

Theorem 1. Let FeP(R%v,, T) with T>0, and let M,e
P,(R?; v,, T') be the corresponding Maxwellian distribution. Then

102 (F)—Mplg, < @y p(n™), n=1,2,3,. (1.23)
where

Py p(r) = CB,FQ;(("+JF(V))1/60), rz0
—1/30
Car = Call o (472 ([ lo=valdF ) ),

o= 60b/(120+b), the constants 0 <b < 1 and 0 < Cy < oo depend only on
the kernel B(-).

As a consequence of this we shall deduce:

Theorem 2. Let Fe P,(R% v, T) with T>0, and let f, be the
distributional solution of the Boltzmann equation (1.19) in C([0, c0);
%,(R’, ||- |l ,) with the initial datum f,|,_, = F. Let M be the corresponding
Maxwellian distribution in P,(R3; v,, T'). Then

If: _MF”gaz < QB,F(eiﬂt), t=0 (1.24)

with f=30b/(60+b), where the constant b >0 and the function @y .(r)
are given in Theorem 1 with the only difference that the constant Cy for
defining @, (r) is now replaced by 1204 Cj.

Corollary to Theorem 2. Under the conditions in Theorem 2,
suppose further that for some ¢ > 0 the initial datum F satisfy

j ol dF(v) < oo
R

and the collision kernel B(-) satisfy the Holder condition in L'-norm: For
some constants 0 < Cpy <00, 0 <a=oay <1

IB(- +h)—Blyg <Cs %, heR. (1.25)
Then

Ife—MFplla, < Ce™, t=0
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where the constant >0 depends only on J and B(-), and the constant
C < oo depends only on B(-) and F.

As an application of these explicit bounds on the convergence rate, we
obtain the following estimate of global stability around any given solution
whose initial datum is not a Dirac measure. (We explain the restriction in
Section 6).

Theorem 3. If0<F € %,(R’) is not a Dirac measure and ||F||,, # 0,
then for any 0 < G € %,(R?)

sup |lf; —&lla, <¥5 r(IF —Glls,) (1.26)

t>0

where f,, g, are solutions of the Boltzmann equation (1.19) in C([0, o0);
QZ(RS, " : ”@2) with ft|t=0 =F, gt|t=0 =G, and

WB,F(r)=CB,F{r+Q;((rm+JF(ra))l/60)}a r=0

B
[x_O"Tzﬁ>0’ CB,F_CBCF’
IFlg, * 60

Cr = (kT VPl [ o= dF () ) <

and u; is the mean velocity, 7 is the temperature, and the constants
B >0, Cy < oodepend only on the kernel B( - ); the function ( y;, y,, y3, ¥4)
C(y1, ¥, V3, V4) can be written as an explicit function of (y,, y,, Vs, ¥4)
and is continuous on [0, c0) x (0, c0)>.

The fact that the stability holds in the ||-||,, norm, the energy norm,
enables us to prove a bound on the “tails” of the energy distribution that
hold globally in time. First recall'¥ that for any s > 2, if (g [v|* dF(v) < oo,
the solution f, with initial datum F has the property that sup, ., sz [v|* df,(v)
< C for some finite constant depending only on B and jRa [v]* dF(v). In the
case of hard potentials, the evolution actually improves matters, producing
moments of all orders at any finite positive time, assuming only that F has
finite energy.®® This is not true for Maxwellian molecules. For instance, if
[ [v]* log(1+v]*) dF(v) = o0, then (g3 [v]* log(1+ [v|*) df,(v) =o0 for all
t >0 because df,(v) = exp(—prt) dF(v). Bobylev” describes this as an
increase in the “tail temperature.” The next result says that the tails cannot
get too hot:
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Corollary to Theorem 3. Let F be given in Theorem 3, let f, e
C([0, 0); %,(R%, ||- ||4,)) be the unique solution of Eq. (1.19) with f,|,_, = F.
Then

1
sup f |0 df,(v) S¥p,r(2Tp(R7?) +2 ||Fllg, R 'R>0
o] >R

t=>0
where ¥ (r) is the function given in Theorem 3.

We also obtain lower bounds that reveal the sharpness of the bounds
stated above. We give a construction of initial data through which an arbi-
trarily slow rate of approach to equilibrium can be obtained. In fact, this
shows for the first time that there are solutions for which the rate of conver-
gence in lim, , , f, = M is worse than exponential.

Bobylev” had earlier shown that for an arbitrary 4 > 0, initial data F
can be constructed with ||f,— M| > Ce . However, until now, there
was no proof that algebraic rates, or worse, could actually hold. Moreover,
the lower bounds obtained here show that the upper bounds obtained in
Theorem 2 are qualitatively best possible, at least when the kernel B(-)
satisfies the Holder condition (1.25). That is, at least in this case, the lower
bounds and the upper bounds can be scale-equivalent. The meaning of this
term is as follows:

Let &(2), ¥(¢) be nonnegative functions on [0, 00). Define a partial
order < between @ and ¥ by

D)X P(t) <= D(t) <C[P(a)]? Vte[0,00) forsome 0<a, f, C<oo.

We say that @ and ¥ are scale-equivalent on [0, 00) in case both @ <X ¥ and
¥ < @ hold on [0, c0).

Recall that a function 4 on [0, 00) is completely monotone if it is a
positive function in C*(0, co) N C[0, o0) satisfying

dn

(_1)" dt"

A(t)=20 Vn=0,1,2,..; Vt>0; A(0)=1, and lim A(z)=0.

A classical theorem of Bernstein® characterizes such functions as the
Laplace transforms of finite positive measures on [0, c0). It follows that the
decay rate of a completely monotone function is never faster than e~ for
some constant 0 < o < co0. Instead, it can be arbitrarily slow:

A)=1+07°, (1+log(14+2)7°, (1+log(1+log(1+2))7°,...  (1.27)
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are all completely monotone. Indeed, Lemma 5.4 of Section 5 states the
following: If A,(¢) is any completely monotone function, then so is A,(t) =
Ay(log(1+1)).

One more set of definitions is required for a complete statement of our
lower bounds. Let

H0) ={ £ 1= [, 4P FOP d <0} 530
where f e L'(R?) or f € %4,(R?),
f@O=] e 0f@dv  resp. f&)=], "2 df ()

denote the Fourier transforms of an integrable function f, or, respectively,
bounded measure df. Supposing that H € %,(R?) and that SR3 (1,v)dH(v)
= (0, 0), we can define || H|||, by

Wl = sup

. 1.28
0#¢eR? |f|2 ( )

This norm defines a weak metric appropriate to the study of f,— M. It
will also play an important role in the proof of Theorem 1. We may now
state our lower bounds:

Theorem 4. Let A(?) be any given completely monotone function on
[0,00). Then there is a strictly positive isotropic initial datum F e
L;(R?) n H*(R®) and F is analytic on R® satisfying [3(1, v, [v]?) F(v) dv =
(1,0, 3), such that the unique solution f,(v) of the Boltzmann equation
(1.1) in C'([0, 0); L;(R?)) with initial condition f,|,_, = F satisfies

Ife =Ml

Ife =Ml
for some constant ¢ > 0. Furthermore, if the collision kernel B(-) satisfies
the Holder condition given in the Corollary to Theorem 2, then the upper

bounds (1.24) and the lower bounds (1.29)-(1.30) are scale-equivalent.
More precisely, the following functions

Vfo=Mlys 1fi— Ml g ple™), Tp(e™), AW, 1f,—Mp =, f,—Melly

are pair wise scale-equivalent. Here the function @; (-) is given in
Theorem 2.

|f, =My |l = cA()  VE=0 (1.29)

|
IlLf; — Mgl = cA(2) Vi=0 (1.30)

A2\
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Note that this theorem, together with the examples in (1.27), shows
that even for weak metric based on ||| - ||,, the convergence rate, whatever the
smoothness of kernels, can be arbitrarily bad!

This is very different from what is known about solutions of the
Boltzmann equation for hard spheres, for which B(v—uvy, ¢) is a multiple
of |[v—uvy|. In this case, it is known that for all initial data 0 < F e L}(R?),
the convergence to equilibrium in the L'-topology is always exponential
(see ref. 1 and related results® '®%3D) Theorem 4 shows that matters are
quite different in the Maxwellian case, and because of the relation between
L'-distance and the relative entropy, it shows that under just a finite energy
condition, the entropy may relax to its equilibrium value arbitrarily slowly.
While there are known examples to Cercignani’s conjecture (refs. 8 and 35)
concerning entropy production, these do not preclude that bad initial data
eventually evolves into nice initial data with good entropy production.
Theorem 4 does preclude this.

Theorem 4, together with Theorem 2 and its Corollary show that, for
a fixed Maxwellian Kernel B, the key property of the initial datum F that
determines the strong convergence rate is the decay rate of the function
Jr(r) as r - 0+. This is sort of a generalized “moment condition,” and it
is what matters rather than any other properties such as an entropy condi-
tion, smoothness, etc. (In fact, the initial datum constructed to prove
Theorem 4 is in C*n L*.) Evidently, an essential difference between
“hard” potentials such as hard spheres, is that in the hard case, the func-
tion J.(r) improves as t increases, while it can deteriorate in the
Mazxwellian case, as discussed above the Corollary to Theorem 3.

It may be interesting to note that the method used for the Maxwellian
molecules model does not rely on the strict positivity (almost everywhere)
of the collision kernel B(-) (i.e., nonnegativity is enough). For the entropy
method, which is so far still the only (direct or indirect) method that can
deal with general kernels, certain “strong” positivity is needed in order to
determine the entropy production. (See refs. 10, 11, 28, and 35).

1.4. Methods and Organization

Many features of Maxwellian molecules that we use here have already
been introduced. Among those that have not is the fundamental contraction
property of Maxwellian molecules, discovered by Tanaka.®?® He proved
that if f, and g, are two solutions of (1.19) with initial data F and G
respectively, then for all >0

dy(f1, &) < dy(F, G).
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Here, d, is a metric on %,(R?) often called the 2-Wasserstein distance. As
shown in ref. 27, this metric is equivalent with that induced on %,(R?) by
the norm ||| - |||,- Moreover, it had already been shown in ref. 16 that in this
equivalent metric, the contraction property still holds.

The strategy behind the proof of Theorem 1 may be summarized as
follows. First, in Section 2, we study the regularizing properties of repeated
Wild convolution (see Lemma 2.1). We then use this regularization to
prove thatiflim, , , [|Qx (F)—M|l, =0, thenlim, , , |Q; (F)—Mg|4, =0.
Moreover, the rates of convergence are related in a quantitative way
depending only on the function € defined in (1.21). This is given by
Lemma 2.5. In this part of the work, and elsewhere, we make extensive use
of the Fourier transform of Q*( f, g), and Bobylev’s formula® for this in
the Maxwellian case, (2.1).

In Section 3 we prove bounds on the rate at which lim, , , [|Q; (F) — M|,
= 0. Here is where the contraction property plays a crucial role. We take
general initial data F e P,(R% 0, 1), and approximate it by F, in the ||- ||,
norm where F, has finite fourth moments. The function J enters here, and
determines the size of the fourth moment for a given degree of approxima-
tion. We can further arrange that M; = M. See Lemma 3.4 for the
details. Then, further developing methods from refs. 16 and 12, it is pos-
sible to estimate the rate at which ||Q; (F,) — M |||, tends to zero, using the
fourth moment. Because of the contraction property, if both ||F, — F]||, and
O (F,)— Mg]||, are small, so is ||Q; (F)— Mg]|,. This is given in a series
of lemmas, culminating in Lemma 3.3

Section 4 begins by putting together the ideas discussed above to prove
Theorem 1. There is one more ingredient that deserves mention in the
introduction. Notice that Theorem 1 estimates the rate of convergence in
the |- ||z, norm, not the total variation norm | -||4,. However, Lemma 4.1
tells us that for all G in P,(R%; 0, 1)

2e
G—M|4 <C,) |G—M|y4, 1 —_
16—, < Cy 16—, log (7 )

where M is the Maxwellian in P,(R%; 0, 1). After taking into account the
affine transformation needed to transform a general distribution in %,(R?)
into one in P,(R?; 0, 1), we obtain Theorem 1. It is through this lemma that
Q3 enters our estimates. Theorems 2 and its corollary are then deduced
from Theorem 1 using the Wild’s sum formula.

In Section 5 we prove Theorem 4. This consists of several steps.
Among the most novel is a pointwise comparison property for solutions
with the same initial data of the linearized Boltzmann equation and the full
non-linear Boltzmann equation. The comparison is made in the Fourier



74 Carlen and Lu

representation; see Lemma 5.2. Lemma 5.4, assuring the complete mono-
tonicity of A;(log(1+1¢)) when A, is completely monotone, is proved here
as well.

Finally, in Section 6 we prove Theorem 3, the global stability in |- ||4,,
and its corollary. We emphasize that the corollary to Theorem 3 depends
on the fact that we have global stability in the ||- ||, norm, and not just the
total variation norm ||- ||, . This is necessary to control the energy “tails.”
The strategy is similar to that which led to Theorem 1: Global control of
the energy tails is easy and well known when the initial data has a finite
fourth moment. Hence we approximate general finite energy initial data in
the ||-||5, norm by initial data F with a finite fourth moment. Because of
the global stability in |- ||4,, the energy tails of the true solution cannot be
much worse than those of the approximate solution.

2. ESTIMATE OF I@;,(F) - Ml BY @ (F) - Ml

We will make extensive use of the Fourier transform, and hence we
recall the Bobylev identity:®%” For any Be L'[ —1, 1]

Q*(F,G)A(é)=fszB(<5/I€I,0>)ﬁ(é+)G(éf)da, F,Ge %R’ (2.1

where

¢+léla
2 b

c—lcla
2

é+= (S_:

In deriving the Bobylev identity (2.1), use is made of the following identity:

Lz B(w, 6) (<, o)) do = Lz B o)) (Ko, 0)) do Vo, { €S>
(2.2)

where i/ is any bounded Borel function.

Our first Lemma is an estimate on the regularity produced by repeated
Wild convolution when B is smooth, and small relative velocities are elim-
inated:

Lemma 2.1. Suppose the kernel B is smooth: Be C'([—1, 1]). Let
0 <6 < 1beaconstant, and let 9*(-, -) and Q°*(-, -) be collision operators
with the kernel B(<{z/|z|, o)) and B({z/|z|, 6)) 1,55 (z = v—v,) respectively.
Then for any 0 < s < 1/2, the 4-linear operator

(F\, F,, F5, F,) > Q+(Q5+(F15 F), Q6+(F3: F;))
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is bounded from [%,(R*)]* into H*(R?):

4
10 (Q°* (Fy, Fy), OQ°* (Fs, F)lg < Cp,s 672 [ ] 1 Filla,
i=1

where

Co
Cp,= (”Blll,oo)z "B"Ll([—l, 102" ar)»

J1-=2s

C, is an absolute constant and ||B]|; ., = || Bllz=; 1,17+ E3 Bllpep_1.17-

Proof. We first estimate Q°*(F,G)" (¢) for F, G e %,(R?). In the
formula (1.17), take ¢(v) = e %** and let z denote v—v,. We have

0 (F,G) ()
= . [ [, B2/l 03y 7@ a’o] L g €4 dF () dG(o,).

To compute the inner integral, parameterize S? as follows: Let

o =cos(0) |_§|+ sin(@)[cos(¢) i+sin(¢) i1, fe[0,7], ¢e[0,2n]

where {£/|&|,1,§} is an orthonormal base of R’ then <&, a) =|¢&| cos(6)
and

Cz/l2l 0> = <2/ |2, €1 cos(B) ++/1— 2/ 2], &/1¢)7 sin(B) cos(d— )

here o is independent of ¢. This gives

LZ B((z/|), o)) e3¢ Pdg = jo" sin() e~2H1<O 4 (6) df
where
A, 0) = [ B/ ll, ¢/1Ely cos(6) +/T= G/ le], /18 sin(0) cos(9)) d.
Integration by parts gives
[, sin(@) e#H11=0 4, () db

2

i 2 LA d
= _emHlaes®y  (g)ozr_ 2 [" i@ £ 4 () qp.
1lz[ €] R0 g |f|f0 '

do
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By the inequalities |4, .(0)| <27 | Bl = 1; and |55 A, ()| <27 | Bll=_1 13,
we obtain

4n* ||Bll1,

‘ [, BG/lzl, o)) e da‘ <
s? I2[ I<]

This is a good bound for large |£|. For small |£|, the left hand side is tri-
vially bounded by 47 ||B| .=, ;7. Together, these estimates yield

<87 ||Blly, o, 07 |z| > .

|j B({z/|zl, 6)) e 2H D dg

1+lg

Therefore,

N 1
10°*(F, @) (O <87 Bl o, 67" | Fllg, 1G], e CeR%. (23)

Now applying this estimate at £, and £_ we get
|Q°*(Fy, F,)" (E)I Q" (Fy, Fy)" (E0))

4
1
<64n*(|B, .)? 52 <H T2 )
i=1

(I+1EDA+IED

Since (1+|&,N(1+]E_]) = 1+4 || sin(d), it follows from the Bobylev
identity (2.1) that

(0" (F1, F), 0% (B, F) )
4 n in(0) d6
< ar181,.*0°* (11 1Pl ) 2n [ BleostO) i

<2 (18l .* ([ Bcosto)) do )5 (T 17l ) 04

1
1+1¢1*

This gives the H*-bounds since for 0<s<1/2, (g (1+|¢?) 2 dE<
8n/(1-2s). 1

Remark. In fact, the proof gives pointwise estimates (2.3)-(2.4) for
the Fourier transforms of the convolved measures. As one sees, the single
convolution estimate (2.3) does not give a sufficiently strong pointwise
estimate to obtain the regularity that we require here, though under other
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conditions, results have been obtained in this case; see refs. 20, 31, 9,
and 21.

Before stating our next lemma, we recall some properties of convolu-
tion of measures with functions: Let u € 4,(R%) and ¢ € L!(R?) (s > 0). The
convolution u = ¢ is a Borel measure defined by (due to Riesz representa-
tion theorem)

J, ¥ dus 030 = [, (], 9400 604) o ) o

for all Borel functions y satisfying sup, g [/(v)| (1+|v|?)™*/*> < 00. From
this definition we have |u*¢|<|ul=|p|, ux¢de B(R?) and [u= |4 <

e, llz:- And if >0, ¢ >0, then ux¢ >0 and [|u* dlls, = llulla, 14l
Moreover if ¢, y € C*(R?) then

Frd(@=FQ§O. (Fdy=0n7 [ FQ P de.

Let 0< ¢, e C2(R?) be defined by ¢,(z) =cexp{—1/(1—|z|?)} for
Izl <1, ¢,(z) =0 for |z| >1, and (s ¢,(z) =1. For any &¢>0, let ¢,(z) =
£7¢,(z/e).

Lemma 2.2.
(i) Let Fe Py(R%0,1). Then

sup dF(0s) < Co(0 72 IF = Mlo+0°)  ¥3>0, (2.5)
veR3? Y- <o
I(F = M) * §.lla, < Coe > (II1F — Mglllo)*” V0<e<2.  (2.6)

(ii) Let Fe %,(R*) n H(R?), 0<s<2. Then
IF % ¢, — Flla, < Co(IIFll5,)*" (IFlz)*7 &% Y0<e<2. (2.7

Here C, > 0 is an absolute constant, ¢, € C?(R?) is given above.

Proof. (i) Consider the convolution ;= 1; ,s(|-])*¢;, Where
$5(z) = 067°¢,(z/5). We have 0 <5 € C2(R?), y5(v) = 1 for |v] < 6, and

U5 (&) = (0,2 (1- D) (&) 95 (&) = 8* (L1, (I )" (5E) &, (5E).
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In the following, we denote by the same letter C, various absolute con-

stants, and M will be denoted simply by M. Then by F >0 and 1,,_, .5 <
VYs(v—vy) and Ys5(v— -) € C2(R?) we have

J, ., AF@ < W= ) dF@a) = | (0= dF(y)
= [, Volo—00) M(w) dos+ [ | Y5(0—00) M(v,) ds,
and
[, ¥so=0) dF(w) = | Yo =) M(vy) do
=@m)7 [ | (B~ M) 5 (&) &V de
<@m)7 [ 1P M©)| s ()] dE
= 2m) | | IF(©) =M 6(1go.5(1-D)" (60 |11 (50)]

4 .
<@ IF-Mlly 8 32 [ 162 19 (60)] de = o6 I1F = Ml
2.8)

On the other hand,

Jo bsto=oa oy don < (52 ) [ itwn) v =5
R3 27-[ e 3\/2—72:

This together with (2.8) gives (2.5).
Next, we prove (2.6). Using (1.13) and (1.15),

I(F —M) * ¢,l|q, = sup [K(F = M) % @, ol

veC? R, [Wlre <1

For any € C?(R?) satisfying |{/||.» < 1 and for any R > 0, # > 0, consider
the decomposition:

l// = ‘pg,)r/ +¢5€2,)r/’ lpg,)r/ = !pXR,n’ lpg,)r/ = W(l _XR,r/)
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where y,, € CP(R) satisfies 0< yz, <1 on R’, yg,(v)=1 for || <R,
and yg ,(v) =20 for [v]|>R+2n. Then Y, yQ, e C2(R?) and |y, (v)|
< lycrizy WS, <15 2. We have

[K(F = M)+ §, Yol < IK(F = M) % o W2, Dol + [K(F = M) % §o, Y2, 0

Using the Cauchy-Schwarz inequality, the Plancherel identity and
@, (&) = ¢, (&), we have

[K(F = M) + ¢, Yl ol

<(2n)—6<j WD, (o d:)(ij |@(5)[ﬁ<:)—ﬂ<é)l|2d:>

= (2m)

= n ([ Wi oF o ) [ 1 oA - de
<@ ([ Nuanson o ) [, 15 GO 161 U= M )
<Cr) " (R20) WM &7 [ 161416 OO .

This gives [{(F—M) * ¢,, Y, ol < Co(R+2n)** &7 ||IF = Ml,. To esti-
mate the second term, we use the inequality jRa [0]*d |G * ¢,| (v) <
2|¢.ll.: IGll4,, valid for all G € %,(R?). We then have (because 0 < & < 2)

Q=M% 6 U201 < [ Lo [ = M) 5 ] )
<R[ BIPdI(F=M) x4 0) SR,

Thus,
IK(F = M) % ¢,, Y| < Co(R+2n)*? &7 ||[F — M|l + C,R ™

for all R>0,7>0. Letting # —» 0 and taking sup with respect to €
CZ(R?) satisfying |||~ < 1 gives |(F — M) * §,|l5, < Co(R**e 7" ||F — M,
+ R7?). Minimizing the last term with respect to R > 0 gives the inequality
(2.6).
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(i) Suppose F e %,(R*) n H'(R*),0<s<2. For any yeCZ(R?
satisfying [|[y/[|.» <1, let y %), ¥, be given above. Then,

[KF % ¢ —F, Yol SIKF % @, — Fo @), ol +IKF %, — F, 2, Dol-
Estimating the first term on the right side:

|<F * ¢6_F9 lpgil,)q>0|2

2

=(2n)~°

[ 0O O -11F@1 de

<n ([ wihr ) [ 15 G- 1P 1FGRae )

<@ ([ s do ) [, 18 GO - 1P 1E@P e )

Since (fﬂ: 0)=1, % (ﬁ (0) =0 and the support of ¢, is the unit ball, an
estimate using Taylor’s theorem provides |, (6£)—1| <min{2, ;& |£|*}.
The minimum of two positive numbers is less than any of their geometric
means, SO

min{2, 1} <2'"*h*, h>0, 0<a<l. 2.9)

Choosing i =12 |£]%, a = 5/2 we get |, (e£)— 1] < 2'~%* |£|*. This gives
[, 191 )= 1P 1F)P de <4 < RS dé) &,

and thus [<F * ¢, — F, Y&, Dol < Co(R+217)*? | Fly: &°.

Theestimate for the second termismuch the same: [<F * ¢, — F, Yy, >o| <
§iu>r d|F % ,—F| < C, |Fllg, R, sothat |<F * ¢, —F, | < Co(R+21)*"2
[|Fllzs e+ Cy |Fllg, R for all R>0,7>0 and all y € CX(R’) satisfying
Wl < 1. Lettings — 0 gives |[F ¢, — Fllg, < CoR*? |Fllys &+ C, ||Flla, R
for all R> 0. Taking minimum for the right hand side with respect to
R >0, we obtain (2.7) . ||

In proving our next results, we will require certain properties of the
functions Q4(r) and Q75 (r) defined in (1.21)-(1.22).
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Lemma 2.3. The functions Q,(r), 23(r) are continuous, non-
decreasing on [0, c0) and have the following properties:

7r(2+ )\.QB(r) <l/zn and Q:(r) < Q5(), r=0;

Qp(Ar) < (1+2) 25(r), Q) <(1+2) 25(r), 4,1 >0.

Proof. Bysupp B<[—1,1]wehave ||B(- +h)— B, <2 (', B(r)dt
=1/nVheR and Q5(2) > |B(- +2)—Blw =2 ', B(r) dt =1/n. These
imply that 0 < Q,(r) < 1/7n=0Q5(2) Vr = 0. Now the inequality 0 < Q,(r)
< 1/n implies that |log Qz(r)| =1 and so Qz(r) < Qz(r) |log Qz(r)| =
Q% (r) forall r = 0.

To prove the other properties, we use the subadditivity of Q5 and Q75:

Qp(ri+71,) < Qp(r)+Q5(ry), Q3(r1+1,) <Qu(r)+Q%5(ry) Vr,r,>0.
(2.10)

To see this, note that the function y > y |log y| is concave and increasing
from zero on [0, 1/e] which implies that (y, + y,) [log(y, + y,)| <y, |log y|
+, |log y,|, y1, y, €[0,1/e]. Since 0 < Q,(r)<1/m<1/e and the func-
tion r > Qp(r) is non-decreasing on [0, c0), it follows that the function
r — Q%5 (r) is also non-decreasing on [0, c0) and the first inequality in (2.10)
implies the second one. Thus we need only to prove the first inequality. Let
r,r=0. We can assume that r1 +r,>0. For any heR satisfying
|h| <747y, let by = 0-h, hy= ,1+,2 h. Then h=h+h, and |h|<r,
|h,| < r,. By definition of Q,(-), this gives the first inequality in (2.10).

The inequalities in (2.10) and the monotonicity imply the continuity of
Q;(r) and Q%(r). In fact, for instance for Q(r) we have [Q,(r,) —Q25(r,)|
< Qp(Iry—ral), 71,1, 2 0.

From (2.10) we have Qg(nr) <nQgy(r) for all r >0, n=1,2,... Let
A, r =0 and let [ 1] be the largest integer not exceeding A. Then, by mono-
tonicity,

Qp(Ar) K 2p((1+[4]) 1) (1 +[A]) () < (1 +2) 25(r).

Similarly we have Q75(Ar) < (1+4) 25(r) for all >0, r > 0. Using the this
inequality, we have for all » > 0

1/n=2,(2) = .QB<% r> <1+2>.§23(r)=#93(r).

Since 25(0) = 0, this gives the inequality r < n(r+2) Qz(r) forallr = 0. |
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For the later use, we observe the following:
FeP,(R%0,1) = [IF = Mllo <min{2, ; |[F - Mglly,}.  (2.11)

Indeed, by Taylor’s theorem, we have that for F € P,(R?; 0, 1),

F@=1- "(1—1) [, @ &rei @ ar@)ar. 2.12)
Since M is isotropic, we have [g3 <v, &)* M (v) dv=|¢|?, ¢ € R?, and thus
[F(&)— My (9)] _1 2
P IR O
1 oy do< 3
5] D M) do <545 =2,

Hence ||F — M|, < 2. Also, for all £ e R*\ {0}

|F(&)— M (&)
R

So IF = Mllo <3 |F —Mlla,.

1 1
<§j v, EIEY? A |F— M| (v) dr <3 |F — Mg,
R

Lemma 2.4. Let F,e P,(R%0,1), i=1,2,3,4, and let 0 <g<2
satisfy

min{[|F, — Mo, |IF =M} <q and min{||F;— Mo, [IF,—Mllo} < g
where M is the Maxwellian in P,(R?; 0, 1). Then for g = g*/7~1/1%,
IL(Fy o Fy) o (F5 0 Fy)]%¢,—(Fy 0o Fy) o (F;0 F4)||ga0 < COQB(q1/6O)

where Q,(-) is defined in (1.21), ¢, is given above Lemma 2.2, and C, < o
is an absolute constant.

Note. The present lemma will be applied together with Lemma 2.5
below. The exponents such as 2/7—1/120 and 1/60 in these two lemmas
are chosen to balance the effectiveness of these two lemmas together.

Proof. 1In the following, C, (0 < C, <o0) denotes an absolute con-
stant that varies from line to line.

The first step is to approximate the given kernel B by one that is
smmoth so that Lemma 2.1 may be applied. Let ¢,(¢) = c exp{ —1/(1—¢%)}
for [t <1, ¢,(t) =0 for |¢| > 1, and choose ¢ so that jR @, (t)dt=1. Let
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@,(t) =1 ¢,(%), and B,(t) = (B * ¢,)(¢), 0 < 1 <2. Then B, is also even and
satisfies ||B; ||t = ||B|l, = 1/2n and

IBi— Bl < 25(4),  1Billi= <Cod™', Bl <Coi™  (2.13)

Also, by Holder’s inequality we have

1 B(t 1 4/7
[\ 7 ar<asier i ([ a-oyea ) <

L= (2.14)

Hence Cj, ; < 00, where Cj ; is given in Lemma 2.1, and so Lemma 2.1 may
be applied.

Let F,e P,(R%0,1), i=1,2,3,4, and let Q*, Q°*, O, 05" be the
collision gain operators with the kernels B(<{z/|z, 6)), B({z/|z, 0>) 1,55
B,({z/lzl,0)) and B,({z/|z|,0)) 1y, 54 respectively, where z=v—uv, as
above. Let

G(v) = Q*(F, B)(v), Gy(v) = Q™ (F, F)(), Gy s(v) =05 (F, F)(v),
H(v) = Q*(Fs, F,)(v), H;(v) = Q%" (F;, F,)(v), H,;(v)= 05" (Fs, F)(v).
Then
I[(Fy o F) o (F3 0 Fy)1% ¢, —(Fy o F,) o (F3 0 Fy)|l 4,
=0%(G, H) * ¢, — 0" (G, H)l, <2107 (G5, H, 5)— Q¥ (G, H)| 4,
+1Q7 (G s, Hy 5) * ¢ — Q3 (G5, Hj 5)lla, (2.15)
and
107 (G5, H 5) — Q*(G, H)|4,
<NQi (G s, Hy 5)— Q¥ (G s Hy 5)la, +1Q7(Gy s, Hj 5) — Q7(Gy, Hy) g,
+197(Gs, H;)— Q¥(G, H)lly,-
Since F, € P,(R% 0, 1), we have

1Glla,> NGsllay> 1G5l [Hlzy> NHsllays  1H slla < 1.
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Using the formula (1.17),

197 (Ga,aa HA,J) - Q+(Gx,a» Ha,&)"% <2r|B, —B"% < 2nQp(A),
19%(G,, 5, Hy, 5) — Q7 (Gs, Hy)g, <G, 5 —Gsla, +I1H), 5 — Hsllay < 4nR25(4),
19%(G;s, Hy) — Q™(G, H)||g, < |Gs —Gllg, + | H; — Hl 4,

and for ||G;s — Gl||g, , || H; — H|| 4, we have for instance

IG5 —Glla, = 1Q°* (F, Fy)— Q*(F,, F))lla, < HRW Lo—vi <oy dF1 (0) dF>(vy).

Suppose, for instance, [|F; —M]|||, < g. Then by Lemma 2.2,
ffRska Lyo—o <oy dF1(v) dF;(vi)

<IFill, sup [ dF(0) < Co(67 I = Mlly+6") < Co(0 g+,

v, R
The same argument also holds for ||H; — H||,,, and therefore we get
1Gs — Glla, +1H; — Hllg, < Co(97°q +6°).
In summary,
21101 (Gy 5, Hy,5)— Q" (G, H)llg, < 12725(2) +Co (67 +0°).  (2.16)

Next, we estimate |Q; (G, 5, H, 5) * ¢,— Q3 (G, 5, H; ;)|l5,- Since B, is
smooth, for any 0 < s < 1/2, Lemma 2.1 provides

Q;(Gi,éa Hz,a) = Q;T(QTr (Fy, F»), Qg+ (Fs, F,)) e gz(R3) N HS(R3)
and, by (2.13) and (2.14),

C
[ (GA,éa Hl,&)"HS < — (”BA”l,oo)z ”Bl”Ll([—l, 1],L)5_2

J1-2s Vi
< CO /1—4—4/75—2.
J1-2s
Thus, by part (ii) of Lemma 2.2 with s=3/7, and the fact that
1Q; (H, 5, Gy s)la, <4,
107 (G55 Hys) * 6. — Q7 (G55 H, 5)la,
S G197 (G50 Hy llae) Y &7 < Co(A™* 479 72) 47 £12/%,
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Together with (2.15) and (2.16), this implies that for all 0 <Jd <1 and
0<i<2

ILCFy o Fy) o (Fy o F)] % ¢, = (Fy 0 Fy) o (F © Fla,
< Co(R5(A)+ 072+ 8>+ (A+H7972)47 129,

Now choose 4 =¢"®, d=(g/2)"/'®, then, recalling that &= ¢*7~ /1%
and 0 < g < 2, we compute

IL(F, o Fy) o (F3 0 Fy)]%¢,—(Fy 0o Fy) o (F;0 F4)||x0

< Co(Q5(q"*) ¢V P+ g G 0w ),

and 3 G—1%) — & > a- Then by the property of Qz(-) and 0 < g <2 we
have

q1/60+q%(%—11%)—&-%< 3q1/60 < 127Z.QB(q1/60). 1

Lemma 25. Let Fe P,(R%0,1). Then forany 0 <d <1,
107 (F)— Mg, < Co(n™°+25(q,/)), n=1,23,. (2.17)
where

go= max [1QH(F)—Myll,

and C, is an absolute constant.

Proof. Throughtout the proof, we simply denote M, by M. Let
N =[n'"?%] be the least integer not less than »n'~°. If n<4N, then 1<
AN /n<4(n'°+1)/n<8n'°/n=28n"°and so

10 (F)—M|l5, <2< 16n7°,

So in the following we can assume that #n > 4N. Also whenever O (F)— M
is considered, we can assume that g, > 0. Let ¢,(z) = (1/¢)> ¢,(z/¢) be the
function used in the proof of Lemma 2.2, here and below &= g%7~'/1%,
(Recall that ¢, < 2). Consider

195 (F) = Mlla, <195 (F)— Q5 (F) * ¢,
+1(Q (F)—M) * §,|lg, + | M % ¢, — M|,
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For the first term, consider the following decomposition (recall definition

of 0 (F)):

O, (F)x¢,—Qy(F)=[P,(F)*¢,—P,(F)]+[R,(F)* ¢,—R,(F)]
(2.18)

where (using f o g=go f)

n—2N

1
Pn(F)z_ Z Q;(F)OQ:;k(F)’

n—1,5y
2N-1

2
R(F)=—= % Oi(F)o Oy «(F).
n—1 /=
For the principle term P,(F'), consider further iteration

Qi (F) o O, x(F)
1 k=1 n—k—1

e D 3, Q) 0P« [0 (F) = 0Lk (P)]

which gives
”Pn(F)*(be_Pn(F)"%o
1 n—2N 1 k—1 n—k-—1
S, DD & 2
X I{[QF (F) o Qi i(F)1 o [Qf (F) o O ¢ {(F)1} 4,
—[QF (F) o Qi /(F)1 0 [QF (F) © O 4 ,(F)]lla,-

For any ke{2N,.,n—2N}, any ie{l,.,k—1} and any je{l,.,
n—k—1}, we have: either i>k/2>N or k—i>k/2> N; and either
j=(m—k)/2=N or n—k—j>(m—k)/2> N. This implies that for any
ke {2N,..,.n—2N}

min{[|Q (F)—Mllo, IQi_(F)=Mllo} <q,,  i=1l...k=1
min{[|Q (F)—Mllo, I1Qu_i—;(F)—Mllo} < g»,  j=1l...n—k—1
Since QF (F) e P,(R%0,1) VkeN, it follows from Lemma 2.4 that, with

2/7—-1/120
e=q) 7V,

max RLQIE) o Qi i(F)] o [QF (F) 0 Qi (F)]} # 4.

1<i<k-1,1<j<n—k—

~[QF (F) o Q_i(F)1 o [Q] (F) ° Qi (F)1lla, < Cof25(q,/®)
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for all k=2N,...,n—2N. Thus
1P, (F) % ¢ — P (Fllay < CoRs(q,/®),  e=q;/"""™.
The estimate for the remainder R, (F') is easy:
IR,(F) * ¢, — R, (F)l4,
4 N5 + + 4 -5
<2 "Rn(F)"gao = _1 Z 10F (F) o ank(F)"QO =m QN-1)<Cn™.
Thus by (2.18)

10 (F) * ¢, — 05 (F)lls, < Co(n™°+L25(q,/*)). (2.19)

For the second term, using Lemma 2.2 part (i) and notice that
O (F)—Mlly < 4., we have

(5 (F)—M) % ,lla, < Coe (105 (F)—Mlly)*
<C q—4/7+1/60 4/7 __ =C q1/60 <C047ZQB(q;/6O) (220)

Finally for the third term,

1M 6, =Ml <[ 412 < [ 1M(v—e2)— M ()] dv> dz,

using the elementary inequality |e? — 1| < |y| e” for y e R, we have for all
Izl <1

|M(v—2¢z)— M(v)| < Coee 21 +|v]) €2".
So
M * ¢, M"% < Coe< Coql/60 < C047T~QB(Q:./6O)-

This together with (2.19) and (2.20) gives the estimate (2.17). ||

3. ESTIMATE OF l1Q;,(F) - Ml

For any o >0 and H € %,(R?) with vanishing total mass and suffi-
ciently many vanishing moments, |||H||, is given by

| H()|

£l = .
* |¢|>o |f|2+a
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These norms have been introduced into kinetic theory by Gabetta, Toscani,
and Wennberg in ref. 16. For Maxwellian molecules they have a contrac-
tion property, which, for « =0, is equivalent to the contraction property
first discovered by Tanaka.®> 29

For any constant L>0 we introduce the following semi-norms
NS and |- 1577
(<L) d (=L)

i a
O] s _ g Q)

0<|é|<L |f|2+a ’ ¢l =L |f|2+“ .

It is obvious that ||H]|, = max{||H||{<?, ||H[|>"}. For any F e %,(R?),
let

A= =

P F) =] | (=3 10*6, ) dF (), ij=1,2.3.

Here v; are components of v=(v,,v,,v;) and 6, ;=1 for i=j; =0 for
i # j. For a constant L > 0, let y, be a C*-function on R* satisfying

0<z.<1 on R% x(H=1 for [¢<L.

Then define a linear transformation F — P.: %,(R%) — %,(R®) through the
Fourier transform:

P (&) =-} (Z Py (F) @-«:,);(L(:), EeR’.
ie.,

APo0)=| =13 2 F)R) [ (&) e i |

Referring to ref. 12, we now define the following functional on P,(R?; 0, 1)
N %, (R for s > 2:

O*(F) = max{||F — P — M||;=" L*+ K | Pello, |F — MII§>"}  (3.1)

where K>1 is a constant, and o= (s—2)/(s—1), which implies that
®*(F) < oo for F e P,(R% 0, 1) n %,(R?) (see also below).

The functions p, ;(F') have the following contraction property (refs. 16
and 12):

pi,j(F o G) =£2_1 [Pi,j(F)+Pi,j(G)]a F,Ge Pz(R3; 0,1) (3.2)
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where

a=3;+32n J: B(cos(0)) sin(f) cos*(0) db < 1. (3.3)

Lemma 3.1. Let s>2 be a constant, « = (s—2)/(s—1). Then there
are finite constants L >0, K> 1, 0<b<1 and 4 > 0 which depend only
on the kernel B(-) and s, such that

O*F o G) < # [®*(F)+d*(G)] VF,Ge P,(R%0,1) N %,(R%

and
IF—Mil, <D (F)<A|F|4*"  VFePy(R%0,1)n %R

where @* is the functional given in (3.1) with the constants «, L and K.

Proof. We first prove the second estimate. Let F e P,(R%0,1) N
%.(R?). We have

I1F = MIISD <IIF = Py = MIISS L3+ 1Pl

Since ||F — M|, = max{||F — M||{=", ||F — M||*"} and K > 1, it follows
that

INF =Ml < P*(F).

On the other hand, by definition of p, ;(¥) and P, we have
P © =4 J,, [0, =3P 671 4F0) ) )

= < [, @& aF@-], O Mw) du) 70

This gives
lIPlllo < 1 (3.4)

and

P (©=—4[ 0O F@+LIER <L 3.5)
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and then using (2.12) we get for |&| < L
FO-P©-MO=—[ (-0 [ O [0~ 11d[F-M1() dr.

In the inequality (2.9) choosing a = (s—2)/(s—1), k=1 || |v] and using
the Holder inequality we obtain that for any H € %,(R?)

<2V e N ZS Y 1 G, 0<t<1.

‘ [, <o & 7Y~ 1] dH(v)

Applying this inequality to H = F — M gives
NIF —Pr =MD <27 |F — M| 3¢ |F — M5, (3.6)

On the other hand by the inequality (2.11), we have ||F—M]||{®® <
lIF —Mill, <2. Since 4=|F|,, <|Fl|s, and since ||M], depends only
on s, it follows that

I<||FIZ¢",  and  FIZC " +IM]5°0 < C, |IFI5¢7D.
It then follows from (3.4)—(3.6) that
O (F) < (IFl5° " + M54 ") 22 L+ K+2 < A |F|| 3¢V

where the constant 4 depends only on s, L and K. This proves the second
estimate in the lemma.

Next we prove the first estimate. Let F, Ge P,(R% 0, 1) n %4,(R>).
Then F o Ge P,(R%0,1) n 4,(R?) so that @*(F o G) makes sense. Con-
sider the decomposition:

FoG—Pr.o—M=(F—P;)o(G—Pg)—M+F o P

+ProG—Pro P,—Pp g

which gives

IF o G—Pr.g— M52 < ||(F—P) o (G—Pg) — M|| =7

+|F o P+ Pp o G— Py OPG_PFoG|||:E:<L)- (3.7)
Furthermore, since M o M =M,
(F—Pp) o (G—P;)—M
=3(F—=Py—M) o (G—Ps+M)+5(F—Py+M) o (G—P;— M),
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and then, using the Bobylev identity (2.1),
[(F—Pp) o (G—Ps)] (&) — M(&)
=%sz B(E/1E), o)F(E,) —Pr (£,)— M(E)ILG(E )~ Po (E)+ M(E )] do

3], BRE/IEL oNLFE) = Pr (E)+ ME)IIGE )~ P ()~ M(E )] do.
Recall that |¢,| = cos(6/2) |¢], |¢_| = sin(6/2) |¢], and notice that |Pr (¢.)|

<WPello 1417 < 1€ 1% 1P6 (€2 < IPsllly €. 1° < |, |>. We have for |¢] < L

ILE(E,)— Pr (€)= M(E)ILG(E) — Py (6)+ M(ED)]
< IF — Pr— M, cos>**(8/2) |€]*+* [2+ L* sin*(0/2)],

ILE(E,)— Pr (E,)+M(E)IIG(E) — Py (6.) = M(ED)]
< |G- Py — M|, sin®**(0/2) [+ [2+ L? cos*(0/2)].

Since B(0) := 2nB(cos(0)) sin(8) = B(n—0), it follows that
IL(F—Pp) o (G—Ps)]" (&)= M(&)|/ &)+
1
< J, B/, 0 (UF=Po = ML cos2t20/2) | 143 L2sin0/2) |

1
+IG = Py — M||SSP sin2+%(6/2) [ 1+ L cos(6/2) D do

=2 (= M= 4G P M)
where
A(L) = jo" B(6)(cos>**(0/2)[1+1 L2 sin%(6/2)]
+sin®**(6/2)[1+5 L* cos*(0/2)]) d6.
Thus

I(F = Pr) o (G—Pg)— M| ="

AM(L)

<
2

(NF = Pr— M| +IG — P — M ="). (3-8
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Next, we estimate ||[F o P;+ Pr o G— Py o P — Py, ||{<". We have
(F o P5) (&) +(Pr 0 G) (O) = (Pr o Pg) (&)= Pr. 6 (£)
= | BRE/IE oXLF(E)~11 P (&)
+ P (E)IG(E ) —1]1=Pr (&) P ())) do
+ fsz B(E/IE, o)) Pr (£)+Ps (£)]do—Pr. s (8),  [E|<L.

Note that the last difference is zero, i.e.,

Pro(d)= fsz B(E/IE, o)) Pr (£.)+Pg (¢)]do,  |EI<L. (3.9

In fact, applying the formula (2.2) (i.e., exchanging the positions of
{(v—wvy)/|v—r4|, 0> and <&/|E|, D), and recalling that F, G have zero
mean,

[, v &2 d(F < G)v)

= [ Bl on (], @ e dre)+] e y2d60) ) do

Then applying (3.5) to FoG, F and G respectively and using |&]*=
|€,|*+|&_|* we obtain (3.9). Thus, for all 0 < |£] < L we have

I(F o Po) () +(Pr  G) ()= (Pr © Pe) ()= Pr. 6 (O)
<[ BRE/IEL o) F(E) = 11126 ()

P (EDNG(E) =1+ |Pr (£,) Ps (£1)]) do.

Since [F(&)— 1] <31E? (see (2.12)), [Py (&) < 1Prllo 1% 1Plllo < 1, and the
same is true for G, it follows that

[(F o P)" (&) +(Pr © G)' (&)= (Pr o P5) (&)= Pr. s (&)
< GIPEllo +3 1P llo + M Pelllo 1P6llo) Lz B/, 03) €171 1" do

<z (NPello +MPsllo) 1€1%, 18I < L.
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Therefore,
IF o Ps+Pr o G—Pr o Po—Pr.glli™" <3 (I1Prlllo + I Pslllo) L~
which, together with (3.7) and (3.8), yields
IF o G—Pr.q—M]I=" L*
/11( )

L2
(IF = P — M|I;=" L*+]|G— Pe — M||;=" L%) + (Prllo + 15 llo)-
Also, by the formula (3.2) we have

Pro@ =3[P @+B L NPr.ollo <3 [Pl +IIslls]

which, together with the above inequality, gives

IF o G—Pp,o—MI||SS" L*+ K || Pr. 6lllo

/1

L) (1P — By~ ML= L5416~ Po— MU L
L*+Ka

AR iy ). 310

It remains to estimate ||F o G— M]|||{>". Write, as above,

F(&,)G(E)—M(E,) M)
=3[F(&)—M(E)IGE )+ M(E)]+3[G(E ) — M(E)ILF(E) +M(EL)].
Since M(&) = e 472, |, | = |¢] cos(6/2), |E_| = || sin(6/2), we have
3L =ME)<e 500, ME)<e T,

Hence by |F(£.)], |G(¢,)| < 1 and B(0) = B(n—6) we have for all |¢] > L

I(F o G)" (&)—M(&)|
12

1
<3 [, B/ on (

1GE)—M(E)
e

|F(é+)_M(€+)|
[k

[1+M(,)] sin2(0/2)> do

[1+M(E)] cos’(8/2)
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L5 2 . 2
<3, BOF—Mlly [1+¢~> ] cos(9/2)

+[IG— Ml [1+e>="/>] sin%(0/2)) do

ﬂ L
58D [ — wal + G il

where
AH(L)= Lﬂ B G [1 +e‘L72 Si“2“"/2)] cos’(6/2)+;[1 +e_%2m52(9/2)] sin*(6/2)) db.
Thus,

2( )

IF o G—MII§>" < =— [IIF —Mll, +IG— Ml, ],

and since [|F — M||l, < @*(F) we obtain

IF > G- <20

(3.11)

Note that by definition of A,(L) we can choose a small L > 0 such that
A (L) < 1. Since 0 < 4,(L) and a < 1, we can choose b > 0 such that

max{4,(L), A,(L),a} <1—b.
We then choose the constant K such that

L’+Ka

1<K d
an 1-b

L2
<K, c.g., K=max{l,m}.

By (3.10), (3.11), and by definition of @*(-), we then have

IF o G—Pp,c—MI||SS? L*+ K || Pr. 6lllo

1—b <
<5 (W= Pe- MU 104

L’+Ka
1-b
L’+Ka

1—

P llo

+IIG—Ps — M| L™+

1
|||PG|||0><_ [D*(F)+2*(G)].
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and
(=L) 1-b * *
IF o G= MG < == [#*(F)+8*(G)1.
Therefore
* 1-b * *
o (FOG)<T[¢ (F)+27(G)].

Finally we note that the constants L, K, and b depend only on B(-) and
a=(s=2)/(s—1). 1

Lemma 3.2. Let 0 <c<1 be a constant and a, be real numbers
with the relation

c
< < s _29 b
0<a, — 1;::1 a, n 3
Then
2 1—c
a,<c <—> a,, n=23,. (3.12)
n

Proof. Consider

2 a, n=23,..

n

n—1

By assumption we have a, < c4,, n =2, 3,... This implies for any n > 2,

b n \°
A= Z a4 < [(n—l)A +CA]—<1—;>An<<n+l> 4,
where b=1—c>0. This implies that 4, <(?)® 4,,n>2. Since a, < cA4,
and A4, = a,, this gives the inequality (3.12). |

Lemma 3.3. Let s>2 be a constant and let 0 <b <1 be the con-
stant obtained in Lemma 3.1. Then there is a constant 0 < C < oo which
depends only on the kernel B(-) and s, such that for all Fe
P,(R%0,1)n %4,(R?

1 b
102 (F)—Mily < C |F|4¢ <;> . on=1,23,.
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Proof. Let @&* be the functional given by (3.1) and let Fe
P,(R%0,1) n B,(R%). Since Q7 (F)e P,(R%0,1)n%,(R%), D*(Q;(F))
makes sense. By Lemma 3.1, (1.10) and notice that the functional F - Py
is linear, Py+ ) =71 2k =1 Pot - o ,r)» W have

1 n—1
PHQI(F) <=7 X @*(QL(F) o Q1u(F))

l_b n—1
<— Y ®%Q{(F)), n=2,3,.
n—1,Z2,

Therefore by Lemma 3.2 (with ¢ = 1 —5) and Lemma 3.1

S*(Qr(F)) < (1-b) (%) B*(F) < (1-0) 2°A | G) n>2

Thus with C = 224 which depends only on B(-) and s and using Lemma 3.1
again we obtain [|Q; (F)—M|l, < @X(Q; (F)) < C |Fl3* " n~*, n=1,2,3,...
|

A natural connection between Lemma 2.5 and Lemma 3.3 is given by
the following lemma:

Lemma 3.4. Let Fe P,(R%0,1). Then for any 0 <eé < oo, there is
an F, e P,(R% 0, 1) n 4,(R?) such that

-4 1
- (3.13)
&

IFila, <28001+30)%( [, bl dF o))

and
INF, —Flll, < 156"+ Jp(e'?)). (3.14)

where J(r) is defined in (1.20).

Proof. Given any ¢ > 0. By Riesz representation theorem, there is a
unique measure F, € 4, such that

oG —v,)
® 1+e v

Ls d(v) dF.(v) = A dF(v) (3.15)
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for all ¢ € C,(R?), where A= 4, >0, p=p, >0 and v, € R? are determined
uniquely by the system of equations

f 3 (1, 5—v,, 2=, )dF(v) =(1,0,3) (3.16)

T+e|o?

which is solved as follows:

i 1 , . :l"‘.RsrvlvlzdF(U)
fo i dF (v) © P et dF()
e (e 1 F @) (e 5 j‘jfvlz AF () —fe 5 dF(v)IZ'
3(Jt o dF ()

Note that by Cauchy-Schwarz inequality, the right hand side of the last
equality is strictly positive, as it must be for this to define p.

This shows that the function F, satisfying (3.15)—(3.16) is well defined.
Moreover since Fe P,(R%0,1), it easily seen that F, e P,(R%0,1)n
%,(R*) and the equality (3.15) holds for all Borel functions ¢ satisfying
Sup, c g3 |¢(U)| (1 + |U|2)72 < 0.

We now prove (3.13) and (3.14). The first step is to estimate 4, p, v,.

For any real number y, using sz vdF(v) =0 we have

v
——dF
URS 1+e v ©)

(1=y(1+elo/?)) v
R 1+e|v|?

2

2

dF(v)

! , o]
< (JRS mdF(v)—2y+(l +38) y ><JR3 T+e |y|2dF(U)>

The last term takes on its minimum at y = 1/(1+ 3¢), and hence

v 2 1 1 |l
———dF()| <( |, ———5dF(v)— dF(v) ).
“113 1+¢v]? ©) (Lﬁ 1+¢Jo]? ®) 1+38><L‘3 I+ o (U)>

(3.17)

This implies that

1
J— Z—
e Tre P 0> 13,
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and

2

_ vl v
(=) (e L) I it

1 |o]?
= dF >O,
1+38Lz3 1+e|v|? )

and hence we obtain

1
1</1=1—<1+3£ (3.18)
IRSWdF(U)

and

2 1 |o]? 1 -2
p >3(1+3g)<fk31+g|u|2dF(”)><LgmdF(v)> . (3.19)

The last inequality implies that

1 o2 -1
i< (1+3e)<j T dF© )> : (3.20)

Also,
v, <3./¢. (3.21)

In fact, by the estimates (3.17), (3.19), and jka + dF (v) <1, we have

S Trew? dEF < 3(1+3¢) <j 1 dF(v)— > 9%
P (o dF(0)* R 1+é fof? 1+3¢) =

Now we prove (3.13). We have

lv.|* =

1+||

|B_vs|4
Vs, =7+ Il dE.0) =T+ , Lo 4,

¢ 4 -4 4 Jof* 3
<8l [ PO <5

v
__US
p
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Hence by the estimates (3.18), (3.20), and (3.21),

[ ol* dF0) <82 [ | (ol* p~*+ o) 7o AF ()

1
+é[v]?

<8(1+3g)<(3(1+3g))2<j 3 1+| |2| FdF )) - §+34s2>.

Furthermore, using the Cauchy—Schwarz inequality,

v -1 -2 .
(jR31+8|D|ZdF(u)> <(1+38)<L3 IvldF(v)> .3 <<jR3 |v|dF(v)>

with the consequence that

—4

-4 1
[ Iol* dF,(v) < 8(1+3)(33(1 +38)*+ 3%7) <j ol dF(v)) -
R R
Therefore, we compute

IF,lle, < [7-3%+8(1+3e)(3°(1+3e)*+3%)] <Ls || dF(v)>_4%

< 280(1 4 3¢)° <L 10| dF(v)>_4%.

This proves (3.13). (The constant 280 is correct, though arriving to it
requires close and careful estimation. However, the value of this constant is
not crucial for the argument that follows, and the reader may substitute
more expeditionous estimation if desired.)

Next, note that by F,, F e P,(R%0,1) we have ||F,—F||, <3. This
implies that if ¢ >1/9, then lE, — Flll, <3 < 15¢'/2. So in the following we
assume that 0 <e<1/9. We need to estimate g 1ilvl| : |v|* dF(v) and
|p?—1|. We have

el/?
1+81/3 J‘|v|<£_1/3
<36+ T,(67) <3P+ T (). (3.22)

2
f el aFw) <
R

2 dF
Tte o] o (”HLM

|o|* dF (v)

-1/3

This gives

|v]? ell* ., .
—— _dFw)=3—| ————|*dF(v)=3=3(*+J.(e'/?
fRS 1+¢ |U|2 (U) flﬁ 1+e¢ |U|2 |U| (U) (8 + F(&‘ ))
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So by (3.19) we obtain (since 0 <& < 1/9)

1 1 |v]?
143¢ 3Jr* 14¢|v)?

> (1-3e) (1= (e +Jp (') = 1=2(" + Jp(e'))

p*= dF(v)

On the other hand, by the equation that defines p?,
fr2 L dF (v) 3
<

1+eo)?

2L

3 §R3 1++|v|2 dF(U) 3 jRB ﬁlvlz dF(U)

p =1<1+3e (<4/3).

Thus,
|p2 =1 < 2(e'P+ Jp(e'?)). (3.23)
Also, by (3.21) and ¢ < 1/9 we have
0] <3/e <3P +Jx(e*)Y?  and ol < 1. (3.24)
Now, to prove (3.14), consider

IF. ()= F©| _IF.)=F (pO)| IF, (p8)—F ()
SRS S

For the first term, use the fact that for any H € P,(R? 0, 1)

(3.25)

e <[ ([ wP e ame ) ar=3ipe ez
dt 0 \JRr?
Taking H = F, and using (3.23) gives

[t =316 | (1= p) <3P+ T ) e
P

|F, (&)—F, (p&)| <3 |¢)?

Therefore

|F, (&)—F, (p&)|
17

For the second term, we prove that

|F, (p&)— (&)
R

<3(eP+Jp(e'?),  EeR3\{0}. (3.26)

<12 P+ 1.(e%),  EeR3\{0). (3.27)
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This estimate holds for [£]> ('’ +Jx(¢"?))7"/* because I, |l
|||~ < 1. Now suppose0<|é|< (31/3+J (e'/%))~1/2, Using (2.12),

_E(p9)—F(©)
e

- JO‘ (1—1) < Lﬁ (v, pLY2 e e dF, (v) — jRS (v, £y 7w dF(v)> dr

where { = £/|&|. Now apply (3.15) with ¢(v) = v, p{>* e 4 Then

_F(p)-F©)
R

_ 2
= fl (1-72){ A M e K& v—pve> dF(v) _j v, C>2 e K0 dF(v) |dt
0 R l4e]y R}

_ 2
= Ya—ni—ny [ TP 8 s m () de
0 R l4ely

+ Ll (1—1) La <<v_pvf fz | l}@’ & >ei<f<’"ﬂvs> dF(v) dr

—I—j (1—‘[)[ (v, {H* <1+ PE 1>e_i<"f’”"’”e>dF(v)dr

1 . .
+[ (=) [ <0, 0 e —e D) dF (v) de
0 R
= Il +12 +I3 +I4.

Estimating I,: By (3.18), p?<4/3 and |v,| <1 we have
3¢ ) 3¢ ) )
<5 [ (o, O =<pve ) dF @) = ([ | 0,02 dF @)+ (poa, O
R R
3e P2 |v,|? 13 e2/3. g1/ 1/3 1/3
7(3+ |0, | )< e P L2+ Ip(e)).
Estimating ,: By (3.21) and p* < 4/3 we compute

ILI<4 @ Il o142 0) AF(@) = p vl [ Iol dF @)+ p* v,

<6 /e+6e<6e'’<6(e'+Tp(e'?)).
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Estimating I5: By the estimate (3.22) we have

2
&V
Il < 2f 3 1+| | |2| vl dF(U)< (81/3+JF(81/3))

Estimating I,: By |€|<ﬁ(£1/3+JF(81/3))‘1/2, p<2/ﬁ and using the
inequality in (3.24),

1 1
i<kl plod ([ =0 ear ) [ WP are) =kl pled-3
<\%(81/3+JF(81/3))—1/2.(81/3+JF(81/3))3/2:\%5(81/3_’_]17(81/3))'

Thus, for 0 < |&| < ﬁ (' +Jz(e'7*))~'/? we obtain

|Fs (pélélzﬁ(é)l < i |Ik| < 12(81/3+JF(81/3)).

This proves (3.27). Combining (3.25)—(3.27) gives us (3.14). |

4. UPPER BOUNDS ON THE CONVERGENCE RATE

In this section we prove Theorem 1, Theorem 2, and the Corollary to
Theorem 2. We begin by introducing the affine transform of distributions.
This is necessary so that we may apply the results of the previous sections
to distributions that do not necessarily belong to P,(R3; 0, 1).

Let Fe%,(R?. Let v,eR? and T>0. By Riesz Representation
Theorem, we can define an affine transform F, of F by the following
equality

[, o) aFr =] ¢ <\;f ) dF(v) @1

for all ¢ € C,(R?). Since F € %,(R?), the equality (4.1) can be extended to
all Borel function ¢ satisfying sup,.gs |#(v)| (1+[v]*) "' <oco. It is easy to
check that the following properties hold:

F,Ge (R v,,T) = F; € P,(R%0,1) and (FoG); =F; oGy,

4.2)
FeP,(R%v,,T)= (0} (F))y =0} (Fy), n=1,23,....
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The norm ||-||4, defined in (1.14) with s =0 is invariant under this
affine transform: ||F||,, = ||F;|4,- But this invariance does not hold for the
norm ||- || 5,. However we have the following inequality

1Flls, < A+2T+2[vo|*) |Frlla,  VF € B(RY). (4.3)

Similarly, if F > 0, then using (4.1) with ¢(v) = [v|* 1, lyO" we have
Tr

T 21 +v,|?
JFT< JTr >< ( J;!%')JF(r), 0<r<l. 4.4)
L+ |vy| 7

Another property which will be used in this section is the following
variant of Tanaka’s fundamental non-expansion property
”lQ:(F)_Q:(G)"lO < "lF_G”lOa F’GEPZ(R3; Vo, T)’ n= 1929“' .
4.5)

This in turn is a consequence of the fact that if F}, F,, G,, G, € P,(R?) have
the same mean, then

IFy o G = F, o Gyllo < 5(IIFy — B llo + 1Gy — G o).

This is much easier to prove for the norm || -||,, using the Bobylev identity,
than in Tanaka’s original setting.

The following simple lemma plays an important role in the proof; it
gives us convergence in || - |5, essentially for free, once we have it in | - ||4, .

Lemma 4.1. For all Gin P,(R%0, 1),

2e
G—M|y <C, ||G—M|g4 1 — ], 4.6
16— Ml < Cy 16— M og (1) @6)

where M = M, is the Maxwellian in P,(R% 0, 1), C, is an absolute con-
stant.

Proof. If G = M, there is nothing to prove. Otherwise, consider the
identity (using the Jordan decomposition)

IG-M|=G—-M+2(M-G)*
where (u)* =1 (Ju| +u) denotes the positive part of . Then since G and M

both belong to P,(R30,1) and (M —G)"<|G—M| and (M —-G)* < M, it
follows that for any R > 1
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IG—Mls, =2 | (1+]6f) d(M~G)* (v)

<4R(G—Mlla, +Qm) e [ (Lfol?) e 74 dv
[l >/R

<4R |G — M|y, +Coe ™", @.7)

Choose R =41log(2e/||G—M]|4). Then R>1 because 0 < ||G— M|, <2.
This together with (4.7) gives (4.6). ||

It is worth noting that the proof may be applied much more generally.
For the sake of simplicity, we have avoided a general formulation.

Before proving Theorem 1, let us first note that the function
ri— @, ;(r) given in Theorem 1 is bounded, non-decreasing on [0, c0),
continuous at r =0 and @, »(0) =0 because the functions r — Q7%(r) and
r— Jz(r) are bounded, non-decreasing on [0, c0), continuous at r =0 and
Q3(0)=J-(0)=0.

Proof of Theorem 1. The proof of the estimate (1.23) for
FeP,(R%v,, T) is essentially equivalent to that for the standard case
F e P,(R? 0, 1). However since the function J.(-) is not invariant under
the affine transform of distributions, we have to maintain the notation F
and denote by F, € P,(R? 0, 1) the affine transform of F. From the affine
transform (4.1) and (4.2) we have

(9 (F)—Mp)r = (@, (F)r —(Mp)r = @y (Fr)—M.

where M is the Maxwellian distribution in P,(R?; 0, 1). This together with
the inequality (4.3) gives

103 (F)—Mplla, < (1427 +2 [v5]*) Q7 (Fr) — M4, (4.8)
Next we prove that
105 (Fr)— M5, < CEpQp((n™*+Jp(n™)) /%), 4.9
—~1/30
CPr = Co(1+ o)™ (14T < [ lo=ul dF(v)) (4.10)
R
where the constant Cy depends only on B( - ), but will change from line to line.

We shall apply Lemma 2.5 to the measure F, € P,(R? 0, 1). We first
prove that for any ¢ > 0

WA =Ml < 15+, 60 + oo (5) () @D
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where

4

Cp,., = 280(1+ 3¢)° < L3 ol dFT(v)>4 = 280(1+3¢)° T? < L} o —1| dF(v)>
4.12)

and here 0 <b <1 is the constant in Lemma 3.3 with s=4. Let F; €
P,(R% 0, 1) n 4,(R?) be the measure given in Lemma 3.4 with respect to
the measure F; and s = 4. By (4.5), Lemma 3.3 and Lemma 3.4 we have

MO (Fr)—Mlllo < Q5 (Fr) — @ (Fr. Mo + 1 Qm (Fr,.) — Mlllo
1Y
< |V —Fr Lo +CB(”FT,£"9?4) / <E>

1\/3/1\?
<15 +J7, (67) + Co(Crr, ) <;> (—) .

m
This proves (4.11).
To prove (4.9), we need to balance some exponents: Suppose ¢ =n"
for some constants o > 0. According to Lemma 2.5 and the above estimate

(4.11), we see that the exponents a and ¢ (see Lemma 2.5) are best chosen
asa=3(1—35) b, 6 =a/60. This gives

3a

_60b b
*=120+8’ T120+40°

The reason will be clear from the following derivation. Let

g, = max IQL(F)-Mlly, n>1.

n " '<sm<n
For any integer n > 1, choose
(et
e= ——— | .
1+ |vy| n ™
Then by the inequality (4.4) and (4.12) we have

T\ 21+l
Jr (&) = < JT )< Jo(n,
fr fr L+ |vy| n™ T F

—4/3
(Cr,, )" < (280(1+37°7)%) " T <I , lo—uo| dF(v)) :
R
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and therefore using (4.11) and a— (1 —9) b = —a we get
N05(Fr) =Ml < C5lp(n*+Jp(n™)),  m>n'""

where

1+ |v,|?
C%I,)F=C3{ﬁ+( Tlol)
—4/3
+(1+T3/2)5/3(1+|vO|)T1/6<j3|v—vO|dF(v)> }
R

Thus
g/ ® < (CPR)V (7 + T (7)) 10 1= C R+ T (7).

By the property of 2;(-) given in Lemma 2.3 we have, with C{p =
1+Cp,

QB(qul/GO) < QB(CE%)F(”7“+JF(nia))l/Go) < Cg,)FQB((nia‘i‘JF(nia))l/m)'

Therefore, by Lemma 2.5 and n7% = n~/%® < 31Q,(n~/®) we obtain that
foralln>1

1Oy (Fr) _M"gao < Co{”75+93(qr11/60)} < Cg,)F-QB((”ia+JF(’17“))1/6O)

where C9r = Cy(3n+ C$p). Next, we compute the constants: By definition
of CYr (i=1,2,3,4) we have

CPr<(Brn+1)C,

1 (1+T3/2)5/3 T1/6
C.(CHV® (1 1/30 T+— 1/60
e i VT T |

Furthermore, by F e P,(R%v,,T) we have 1/T <3([g? [v—vo| dF(v))™>
which gives, after application of the arithmetic-geometric mean inequality
to eliminate fractional powers,

1 —4/3
ﬁ+—+(1+T3/2)5/3T1/6<f |v—vO|dF(v)>
T R3

<6([, lo-ular))

i (1+7)?
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andso CPp < Cy(1+0,]) "> (1+T)"* (fr3 lv—vo| dF(v)) /% := C . This
proves (4.9).

For later estimates, we require the coefficient C'§
than 2e. In fact we have

). of Q5(-) is not less

—1/30
(1+T)1/20 <J. , |v— v, dF(y)) > (1+T)1/20 (3T)_1/5o> 1.
R

Thus if C, > 2e, then C{; > 2e. Of course we can assume that Cj > 2e.
Now from (4.9) and C§’; > 2e and the definition of Q}(-) one easily
checks that

197 (Fr) — M, log < ) < Q51+ T (n™) /).

e
195 (Fr) — M4, (4.13)

Combining the estimates (4.8), (4.6), (4.13), and (4.10) we obtain that for
anyne N

105 (F)—Mplls, < (1+2T +2 |v,|*) CoCRrQ5((n™* + I (n™)) /%)

and (1427 +2 |vp]?) CoCPr < C(1+vo])® (1+T)? (fw2 lv—1,| dF(v))~"/*
:=Cg . This proves (1.23) and the proof of Theorem 1 is completed. |i

Proof of Theorem 2. Recalling that the Wild sum (1.9) also holds
for distributional solutions and using the identity 3>°_, e (1—e™)" '=1,
t =0 we have

Ifi=Mplla, < Y e"(1—e™)" QN (F) = Mplly,,  t>0.

n=1
Also we have
105 (F)— Mg, <N1Q5 (F)lla, + 1M plla, = 2(1+[v5]*+3T).
Let # > 0 satisfy

nb 1 e _ 120+b
12046 " Y T 0%
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For any ¢ >0, choose an integer N such that e” < N < 2e™. Then, by
Theorem 1, we have

N

Ife=Mells, < Y e (1—e™)" Oy (F)— Mg,

n=1

+ ) e (1—e™)" O (F)— M,

n=N+1
<2(1+|00|2+3T) Ne_t+(1—e_’)N¢B,F(N_°‘)
<12(1 +|UO|)2 (1+7) e_(l_”)t‘i‘q)B,F(e_W)

where o = 60b/(120+ b). Since no/60 =#nb/(120+b) = 1 —#, the properties
of Qz(-) implies that

e—(l—)])t — e—(r]ac/GO)t < SEQ;((e—qat_i_JF(e—r/at))1/60)_

By definition of @5 (r) given in Theorem 1 and recalling that jka |[v—1v,| dF (v)
< (3T)Y* we get

1fe = Mells, < 12(1+0oD)* (1+T) e 7P 4+ Dy p(e™™)

1204+ Cp)(1+|vD* 1+T)?
h (jR3|U_UO| dF(U))1/3O

=By p(e7™).

Q3((e™™ +Jp(e™™)) %)

Here d~5B’ £(r) is a modification of @, (r) by only replacing C with 1204 Cj.

: 120+b 60b 305 : :
Since 1o = 555755 B0+ = g1+ = D this proves the estimate (1.24). |

Proof of Corollary to Theorem 2. The Holder condition (1.25) is
equivalent to Qp(r) < Cpr® with 0 <a =0z < 1. Let 8, =30b/(60+b) be
the constant in Theorem 2. Using the inequality y |logy|<7y*’ for
0 < y <1 wehave Q%(r) <7(Q5(r)%7 < 7(Cy)*"r*/", and so by Theorem 2
and the definition of @5 (r)

If;— MFllﬂz < QB,F(e_ﬁlt) <Gy, F[(e_ﬁlt +JF(e_ﬂ't)) 1/60] 6ol
< CB,F(e Sy (Jr (e_ﬂlt))m/m)a t=0.

Here Cp » denotes the finite constant that depend only on the kernel B(-)
and the initial datum F. Furthermore by assumption on ¥ we have for any
t=0

(e e [ o2 dF(v) = Ce
R
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Let f =min{f,a/70, 6f,a/70}. Then
e—(ﬂloc/70)t+ (JF(e—ﬂlt))ocﬂO < Ce—ﬂt‘

This proves the corollary. ||

5. LOWER BOUNDS FOR THE CONVERGENCE RATE

5.1. Construction of Initial Data

This section is devoted to the lower bounds on the convergence rate
given in Theorem 4. Our starting point is the construction of solutions
tending to equilibrium at an arbitrarily slow exponential rate due to A. V.
Bobylev.” Bobylev’s technique is based on the use of the Fourier trans-
form. This method readily produces solutions in L'(R?) that decay at an
arbitraily slow exponential rate:

Ife = Mpllpr = I f, =Myl =ce™®, =0 (5.1)

where ¢ > 0 is a constant and ¢ > 0 can be arbitrarily small.

A key point in the proof is to show that this can be done in such a
manner that the solutions are non-negative, and therefore physically rele-
vant. The initial data Bobylev used was built out of an eigenfunction of the
linearized Boltzmann equation in the isotropic sector. As long as one uses a
single eigenfunction, exponentially decaying lower bounds are the best that
one can hope to obtain.

Here, we build our initial data out of linear combinations of such
eigenfunctions to obtain slower convergence. To motivate this, recall a
theorem of S. Bernstein (see ref. 15) about completely monotone functions:
A function A(t) is completey monotone on [0, o0) if and only if there is a
probability measure v on [0, 00) such that

A(t) = fo‘” e dv(s), t>0; w({0})=0. (5.2)

Note that here the condition v({0}) =0 is equivalent to the condition
lim, , ,, A(z) = 0. Then, since there are completely monotone functions that
decay very slowly (see Lemma 5.4 below), Bernstein’s theorem suggests that
we seek appropriate averages of Bobylev’s initial data.

Again, the challenge is to show that one can do this in such a way that
one produces a non-negative, physical solution. Our strategy for this is
rather different for Bobylev’s, which worked well for single eigenfunctions.
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We prove a comparison property between solutions of the linearized equa-
tion and the full non-linear equation which reduces the positivity question
to a simple question about the linearized equation. The investigation is
carried out in three subsections, with this one focused on constructing the
initial data.

Let A(-) be a completely monotone function on [0, c0). We first find a
positive Borel measure g on [0, 1] such that for some constants 1/2 <
a<oandc>0

cA(t/a)< et du(s) < A(t/a),  Vi0. (5.3)

Let v be the probability measure on [0, c0) determined by A(-) through
(5.2). Choose a constant 1/2 < a < oo such that v([0, a]) > 0. By the Riesz
representation theorem, there is a unique positive Borel measure u on
[0, 1], such that

jol #(s) du(s) = [ ¢ <§> dv(s), Ve C([0,1]).
Choose ¢(s) = e~ for each fixed ¢ = 0. This gives
A/ay> [ et an(s) = Vet du(s),  Vi>0.

On the other hand, by the inequality

v((a, ©)) 4

W[0.a] Jo €O

f eI dy(s) < e~v((a, 0)) <
(a, )

we have

A(t/a) < <1+M> ja e Gl dV(S) — —st d,u(s).

1 1
W([0, a]) /o W([0, a]) jo ¢

This proves inequality (5.3) with the constant ¢ = v([0, a]) > 0.

Note that the inequality (5.3) and condition lim,_, A(¢) =0 imply
that x({0}) =0 which is essential for constructing positive initial data in
L)(R?) with the given moment condition.

Now consider initial data of the following type:

F(v) = M(v)+60,hy(v), veR?
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2 . . .
where M(v) = (2n)~*? eM"/2 is the Maxwellian in P,(R3; 0, 1),

) = ) [ | e R0 6 de,

U&= [ 16" duts),  EeR

and 6, > 0 is a constant.

Lemma 5.1. The function F constructed above has the following
properties:

(1) F is an isotropic function: F(v)=F(|v]), and Fe L}(R*)n
H*(R?), and F is analytic on R*.

@

F(&) = e 911 40,U,(&)), fRS (Lo, Jo]*) F(v) dv=(1,0,3)  (54)

and for small 6, > 0, F is strictly positive on R?.
(3) There are constants 0 <c:=c(u, 6,), C:=C(u, 6,) <oo which
depend only on y and 6,, such that

¢ L e du(s) < Jp(e) = [ wPF@an<c| Yetdu(s)  1>0.
0 o] > e 0
(5.5)

Proof. First of all we have the following estimate
1
0<T,(d) < JO (1+1E1%) du(s) = C(1+[E°), CeR?, (5.6)

here and below, the constants 0 < ¢(x,...), C = C(x,...) < oo depend only on
their arguments #,..., and 0 <¢,, C, < oo denote absolute constants. This
implies first that the function 4, and therefore F are well-defined on R* and
belong to L*(R?*) n C(R?). Now we prove a representation of /,(v):

bl?
[ QP =r2r 2Py e dr du(s), v#0
0

(5.7)

11
o) = ol (2m) " |

o w(s)
where

w(s) = f:’ r2%e 2 dr, P(r) = 15—10r 4+ 12, (5.8)
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Note that this representation implies first that 4, and therefore F are iso-
tropic functions.

To prove (5.7), we first write |£|*** as follows using change of variable
for integral:

1 o
€ =1 s L rle 2 gy EeR3 0<s< 1.

(Recalling the convention 0-o00=0, the above equality holds also for
¢ =0.) Then by definition of 4,(v) and U,(¢), and using Fubini theorem,
we have

ho(v) = (2m)~*/* jol % jo‘” PP 4+r) "2 H(v//1+r) dr du(s)
where
H(o)=Qm) [ |t e Peiew ge,

Since e11"/2 = (27) =3/ e e K1 126iEw g
H®) = Az(e"”'z/z) = P(|v]) e l’/2

where 4 is the Laplacian in v e R® and P(r) is the polynomial in (5.8).
From this and changing variables in the integral we obtain

1 1 o0 1.2
o(v) = 2m) 2 [ [ (1L 4r) 72 (ol (147) 70 dr dp(s)
o w(s)Jo
-5 _32 (1 1wl 2 —s/2 .(3+5)/2 /2
= 1ol )2 [ [ (o —r) P e dr dps).
o w(s)Jo
This proves (5.7). Next we prove that
1
lho(v)| < Co jo sl du(s)+C(w) ol ™7, ol =2, (5.9
To do this we consider a decomposition for [v] = 2:
Iof?

bl ol
[ (o= resorpry e dr =" + [ . (5.10)
0 0

[l
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For the first term, we compute using the definition of P(r) and several
integrations by parts that for 0 <s<1 and |v| =2

[l
f (lvlz_r)fs/z r(3+s)/2P(r) e—r/z dr
0

[l
_ (2s+s2)j (|v|2—r)’s/2 FG+9/2p-1/2 1,
0
+((6—2S) |U|(5+s)/2_2 |U|(7+s)/2) e*IvI/Z(lvlz_lvl)fs/z
ol
+j ((s2=35) rC*92 4 gp+9/2) (|92 — ) ~C/D=1 e1/2 gp, [v] > 2.
0
(5.11)

The computation is lengthly, but what is crucial is the factor (2s+s?) in the
first term after the equal sign. The fact that this integral is multiplied by
something that is @(s) is what we need later on.

Next, by [v]| =2 and 0 < s < 1, we have

([vP=r) <20, (u)*—r)"“P7 <42 for 0<r<]u.

This together with (5.11) gives

[0l
UO (|0)>=7r) /2 rC+92P(r) e 2 dr | < Cys 0]+ C, |v] 7%, o] =2

where 0 < C, < o0 is an absolute constant.
For the second term in the right-hand side of (5.10), we have for
0<s<land|v| =2,

Il
‘ Ll ([v]2 =)= rC*+92P(r) =2 dr| < C, [0] 2.
V)

Thus, for all |v| = 2

ol
| L ([v]2=r) =2 rC92P(ry e "2 dr| < Cys |v| 4+ Cy |v] 2,

from which (5.9) follows, using the fact that on 0<s<1, 0<¢, <
w(s) < C,.
Next we prove that there is a number 9 < R,(u) < oo such that

hy(v) 2 ¢ fol sl du(s), ol > Ro(w). (5.12)
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Since the polynomial P(r) > 0 for r > 9, we have by (5.7), (5.10), and (5.11)
that for all |v| = 9

11 [ol
o(0) =10l ~* )2 [ —< [ " (jof =) /2 rC+2P(r) e dr dp(s)
o w(s) Jo
and
|0l
[ Qo =) e+ 92P(r)y e dr > ey o] = Cy ol 2,
0
Therefore

ho(v) = o] ™ (Co fol s o>~ dﬂ(S)—C(ﬂ)>-

By u({0}) =0 and u([0, 1]) =v([0, a]) >0 we have |3 sdu(s) >0 which
implies for some finite number R,(u) > 9

1 1
¢ jo 5 |02~ du(s) > cq [0 jo sdu(s)>2C(w), Vol = Ro(p).

This gives (5.12).
Now we prove that F e L)(R?). It suffices to prove that 4, € L1(R?).
By (5.9) we have

1
jl P @)l dv< G, jo 27" du(s) +C(u) < oo.

Since h, € L*(R?), this implies that /4, and therefore F belong to L}(R?).
Next we prove that for small §, > 0, F is strictly positive on R*. Let
R,y (u) be the constant in (5.12) and let 8, > 0 be small such that

(2m) /2 e~ RW2— G |yl = > 0.
Then for any v € R3, if |v] < Ry(u), then
F(v) = M(0) +0,hy(v) > (2m) 2 =R 29, |y | 0 > 0;
if |v] = Ry(u), then by (5.12) we see that F(v) = 6,h,(v) > 0. This proves the
strict positivity of F.

Now we prove that the function F is analytic on R®. Equivalently we
prove that h, is analytic on R*. Let a = (o, &, ®;) be muli-indices with «;
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nonnegative integers, and let D* =0 /0&5 0% OE% be a partial differen-
tial operator with order |a|=a; +a,+a;. Then from the above estimate
and applying the theorem of taking derivative under integral sign we have
with £* = £1'E3E5,

D*hy(v) = (27'[)73 il f \ e*|§|2/2 <J1 |é|2+s d/l(S)) éaei@, v) dé.

This implies that for any v, z€ R* and ne N

)

lof =n

D*hy(v)
!

ZCX

SC(#) JRB e—|§|2/2(1+|é|3)@d5‘

Since

i f \ e—IéI2/2(1+|é|3)(\/LZ'||él)nd§=J \ e—|§|2/2(1+|é|3)eﬂ|z||§| dé < o
n=0"R n! R

for all z € R?, this implies that the function 4, is analytic on R*.

Next we prove (5.4) and the regularity F € H*(R?). It is obvious that
the first equality in (5.4) and the bound (5.6) imply F € H*(R?). To prove
(5.4), we recall that F(v) = M(v)+6,hy(v), and thus it is equivalent to
prove that

By (&) =e¥2Uy (&) and j3(1,u, |0]2) ho(v) dv=(0,0,0).  (5.13)

The first equality is obvious because the functions el Uy (&) and hy(v) are
both even, continuous, bounded and integrable on R?. To prove the second
equality in (5.13), we note that A, € L;(R?) implies that its Fourier trans-

form h, € C*(R?), so we need only to prove that

he (&) =0(E) (1€l -0).
But this is easy: By definition of U,(£) and u({0}) = 0 we have
o (&) — o2
e ¢

Finally, we prove the two-sides estimates (5.5). Equivalently we prove
that

Jjo I A >0 (>0,

1
cjl R du(s) <JF<§>E [ WP Fe) dv<Cfl Rdu(s) VR>1.
0 o > R 0 (5.19)
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where the constants 0 <c¢=c(u, 6,), C=C(u, 0,) < oo depend only on u
and 6,.

To obtain the lower bound in (5.14), we have for any R>1, if
R > Ry(u), then by (5.12) and u({0}) =0

f o] F(v) dv > Ik <c000 J s o] =5 d,u(s)) dv
o] >R [v] > R (0,1]
1
= 47c,0, f R~ du(s). (5.15)
0
In particular, for R = R,(u) we have
1
[ Jof? F(v) do > dmeofy | (Ro(1) ™ dpu(s).
[l > Ro(#) 0
This implies that if 1 < R < Ry(u), then, since F > 0,
1
[ wPF@dv>| Jol? F(v) dv > dmeofy | (Ro() ™ dp(s).
[o] >R [o] > Ro(p) 0
Since 1 < R< Ry(u) and 0 < s < 1 we have

par — - _R : = 1 : —s 1 — -1 —s
(Ra(u)) =R <Ro(u)>>R <Ro(ﬂ)> >R R~ Rl R

Thus if 1 < R< Ry(u), then

J g [ F @) do> [ol> F(v) dv > 4ncyf, fol (Ro(1))™* dp(s)

|v] > Ro(1)
1
> 4rcy0y (R (1))~ jo R~ du(s).

To obtain the upper bound in (5.14), use the estimate (5.9) and obtain
that for R >2

va |v]? F(v) dv=Lvl>R M(v) dv+6, j

[0]? Ay (v) dv
[o|>R

<C(u) R7'+6,C, j(o r < jl P dv> du(s)

C(u) L
<(aor 0|, &
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andforl K R<2, [,z [v]* F(v) dv <3 <3([o 27 du(s))™" [o R~ du(s). This
proves the estimate (5.14) and therefore (5.5) holds true. |

5.2. Linear and Nonlinear Solutions: A Comparison Property

Let U,, hy and F = M +6,h, be the functions constructed in the Part 1
with a small constant 8, > 0. Since F € L;(R?) is positive, there is a unique
solution f, > 0 of the Boltzmann equation (1.1) in C'([0, c0); L3(R?)) with
the initial datum f,|,_,=F and f, conserves the mass, momentum and
energy, i.e., sz (1, v, |v]®) f,(v)dv= (1,0, 3) for all > 0. Note that since
the initial datum F(v) = F(Jv|) is isotropic, it is easily seen (using the
uniqueness) that the solution f,(v) and therefore its Fourier transform
£.(&) are also isotropic, i.e.,

L) =70, fO=r"e 0,  v,EeR’ >0,
Let
U, 1) =ePf (&)= 1=, n—1  EeR, 120  (516)
or equivalently
fO =18 0=ePA4UE 1)), &R, 120,

It is easily checked that U(, ¢) is real and continuous on R3x [0, c0) and
satisfies the following Boltzmann equation of the Fourier transform
version:

% UE )= jon BO)[—U(& t)+U(cos(/2) & t)+U(sin(0/2) &, 1)] db
+J: B(O)[U(cos(0/2) &, 1) U(sin(0/2) &, £)] d (5.17)

for £eR3t>0 with the initial datum U|,_,=6,U,. Here B(f)=
27B(cos(8)) sin(6).

Now we turn to the linear equation: Let ¥, € C(R?) and ¥, >0 on R®.
Let Y (¢, t) be a solution of the following linear equation (i.e., neglect the
nonlinear term in Eq. (5.17))

% Y, 1) = jo" BO)[ —Y(&, 1) +Y(cos(8/2) & 1)+ Y(sin(8/2) &, £)] dO
(5.18)
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for all (& ¢)eR3>x[0,0), and satisfy the initial condition Y|,_, =Y.
Existence and uniqueness of the continuous solution Y is easily proven and
Y(&,-) e C'[0, o0) for each fixed ¢ € R®. Moreover, Y is nonnegative on
R3x[0,0). Here we only prove the nonnegativeness. It suffices to
show that for any R>0, Y is nonnegative on the set {(&,7)eR’x
[0, 0) | |£] < R}. Note that the function y+> (—yp)*:=max{—y, 0} is a
Lipschitz-function on R. By ¥; > 0, we have (—Y;(£))* =0 and

' 0
(Y& D) = TN+, (=5 YD) )Ly g

= [ [ BOXE D) Ly <o —¥(c08(60/2) &) Lire o<
—Y(5in(8/2) & 7) Ly <o) 0 do

< ﬂ L" B(O)((—Y(cos(0/2) &, 1) +(—Y((sin(0/2) & 7))*) db dr

<2 [ h(0)dr, |EI<R, te[0,00).
0
Here, hg(t) = supy<x(=Y (&, £))* . Therefore, we obtain
ha(f) <2 f "hp(t)dr,  te[0, ).
0

Since Y (¢, ) is continuous on R®x [0, 00), the function Ag(-) is locally
bounded on [0, c0). Thus the Gronwall lemma can be used which implies
that hz(#) =0 on [0, c0). This means that Y (&, 7)>0 on {(£ 7)eR’x
[0, o) | |£] < R}. Since R > 0 is arbitrary, it follows that Y (¢, ) > 0 for all
(&, 1) eR3*% [0, c0).

Using the same argument (Gronwall lemma, local boundedness, etc.),
it can be proven that the continuous solution of the non-linear Eq. (5.17) is
also unique and is nonnegative provided that its initial datum is continuous
and nonnegative. Generally, we have the following comparison property:

Lemma 5.2. Let V,(¢), Y,(¢) be continuous on R? and satisfy
Vo(&) = Y5($) =0, VéeR>.

Let V(& 1), Y(&, t) be continuous solutions of the non-linear equation
(5.17) and the linear equation (5.18) on R®x [0, o0) respectively, and satisfy
Vl]i—o=Vs, Y|,—o =Y;. Then

V(EDZY(E =0 V(1) eR*%[0, ).
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Proof. We have proved that the solution Y (¢, ¢) is nonnegative on
R*x [0, ) since ¥, is nonnegative. Therefore, we need only prove that
V(¢ 1) =2Y(E, t). Let

W=V nD-Y(n, W) =V(()—-X().
For any 0 < R< oo and any 0 < 7T < o0, let

Hy(t)=sup (-W( 1)), Crr= sup max{|W( 0], Y( 0}

[El<R <R O0<t<T

Then Cg r < c0. In our derivation below we will use the following simple
but useful inequalities: For any w,, w,, we R, y >0 and 0 < y < 1, we have

—wiwpx S (=w) ¥ wo| +(=wy) wil,  —wyx<(=w)*y.  (5.19)

By (5.17), (5.18), and using the property (5.19) and notice that W, >0,
Y > 0 we have for any (&, £) e R*x [0, o) satisfying |£| < R, t<T

(W (& 0)*
‘ 0
=@+ (=5 D )l dr

=, { J, BO WD Lo =W (05(0/2) &0) L <0

—W(sin(0/2) &, 1) L o <oy

—W(cos(6/2) &, 1) W(sin(6/2) &, 7) Liwee, <o)
—W(cos(0/2) &, 7) Y(sin(0/2) &, 7) Ly, 0 <)
—Y(cos(8/2) & 1) W(sin(8/2) &, 7) Ly o <o)

—Y(cos(8/2) & 1) Y(sin(6/2) & 1) Ly, <0y ] dﬁ} dr

< jo { Lﬂ B(O)[(=W (cos(0/2) &, 1)) " + (=W (sin(6/2) &, 1)) *

+(=W(cos(6/2) &, 7)) " W (sin(6/2) ¢, 7))
+(=W(sin(0/2) &, 1) [W(cos(6/2) ¢, 7))
+(—W(cos(6/2) & 1))* Y(sin(0/2) &, 7)

(=W (sin(8/2) & 7))* Y(cos(8/2) &, 7)] dﬂ} dr

<[ { [ BOI2H() +4Cs 1 He(0)] dﬁ} dv=(Q+4Cy ) [ Hy(r) dr.
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Thus by the definition of H(¢), we obtain
Ho(£) < (2+4Cg 1) f Hy(t)dr  Vre[0,T].
0

By Gronwall’s lemma, this implies that Hz(¢) =0 on [0, T]. Equivalently,
W(E t)=0V |E|<R,Vte[0,T]. Letting R— o0, T — oo gives the global
comparison:

VEH-Y(E)=W(E 1) =0 V(& 1) eR*x[0,00). 1

Remark. As one can see, in this comparison property, the nonnega-
tivity of the initial data and the signs in the integrands in (5.17) and (5.18),
are essential. These conditions come from the physical nature of the
Boltzmann equation, and in particular, its irreversibility.

5.3. Lower Bounds and the Scale-Equivalence

Now we will use the comparison property to estimate the lower
bounds of the rate of convergence to equilibrium. Let u be the positive
Borel measure on [0, 1] obtained above. For any s > 0, let

Ms) = jo" B(O)(1—(cos(8/2))*+ —(sin(6/2))***) df,  (5.20)

Y(& t)=0, Ll |E|* e du(s), (&, 1) eR*x[0,0). (5.21)

Here and below the constant 6, =6,(u) >0 is fixed and such that the
initial datum F(v) is strictly positive on R?. Let f,(v) be the unique solution
of the Boltzmann equation in C'([0, c0); L;(R?)) with f,|,_, = F, and let
M = M be the corresponding Maxwellian.

Lemma 5.3. Using the above notation,

FEO=ME) = e PY(E 1) VEER?, Vix0, (5.22)
—As) = —s/2, Vse[0,1] (5.23)

and there is a constant ¢ > 0 such that

[fi(&)—M(&E)]|g1 = cA(D),  Ve=0. (5.24)
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Proof. As mentioned above, the function U(¢, ¢) defined in (5.16) is
a continuous solution of the nonlinear Eq. (5.17) with the initial datum
Ul|,_, = 6,U,. By definition of A(s), it is easily checked that the function
Y (&, 1) given in (5.21) is a continuous solution of the linear Eq. (5.18) with
Y|,—o =6,U,. Since U|,_, =Y]|,_,, it follows from the comparison property
that U(E, 1) =Y (& 1) for all (& ¢)eR*%x[0,00). Since f,(&)—M(&)=
e K12 (€, 1), this proves (5.22). Next we estimate A(s). Since s > 0, we have
by convexity

(cos(0/2))*+*+(sin(6/2))*** =272 > 1 —s/2.

By (5.20), this gives (5.23):
— () = jo" B(0)(— 1+ (cos())>* +(sin(0/2))***) df > —s/2.

Now for [¢|=1, Y(&, 1) =0, [ e " du(s) =6, |, e™? du(s) for all £ >0.
This estimate together with (5.22), (5.3) and 1/2 < a gives (5.24): For all
t=0

LA = MOTgor > e Y& Dlg_r =70, [ e dus)
> cA(t/(2a)) = cA(r). |

Proof of Theorem 4. From (5.24) we obtain the lower bounds
(1.29) and (1.30) in the Theorem 4:

If, =Ml =\ f,— Ml = [F(E)— M(E) gy = cA(), =0,
If, =Ml = f,—Mlly = [Fi(E) = M(E)]lg=1 =A@,  t=0.

Here we have used the inequality (2.11) because sz(l, v, |[v)?) fi(v) dv=
(1,0,3) forallz = 0.

Next we prove that if the kernel B(-) satisfies the Holder condition
(1.25), then the t-functions || f, — M|, [If; — M., @p r(e™), Jp(e™), A(2),
If, = M|~ and ||f,—M]|, are scale-equivalent each other. We will prove
this by showing that the following relation of a closed chain holds:

£ = Mllo

A

A1)
lf: = Mll, on ze [0, ).

AN

If: _M”Lé < dsB,F(e_t) < Jr(e™)
If, = M= < If, — Ml < A(2)

A
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The first and the second “ =" have been proved by the lower bounds
(1.30) and by Theorem 2 respectively. And because of (1.30) and (1.29), the
last “<” is obvious and cA(?) <||f,— M|~ <|f,— Ml <|f, — M.
Thus to complete the proof, we need only to prove that @j p(e™) <
Jp(e™) <X A(t) ont € [0, 00).

By definition of @; » and the Holder condition £,(r) < Cpr* we have

Py r(e™) = CQp((e™ +Jr(e™))"?)
S CLQs((e"+Tp(e™N V)T < Cle™ +Tp(e ™))™,

On the other hand, using (5.5) we have

1
Je(e ™ =c j e~ du(s) = cu([0,1]) e,  t>0.
0
Since 0 < cu([0, 1]) < oo, this implies that e " < CJ(e™) and so
dsB,F(eit) < C(JF(eit))“/m, t=0.
Thus @y p(e™) <X Jp(e™) on te[0,0). Again, using (5.5) and (5.3) we
have

1
J(e)<C L e~ du(s) < CA(t/a), t>0.

This proves Jp(e ™) <X A(t) ont € [0, 0). ||

We conclude this section with the following lemma, which has been
mentioned in the introduction.

Lemma 5.4. If A4,(¢) is any completely monotone function on
[0, 00), then so is 4, () = 4,(log(1 +1)).

Proof. 1t is obvious that 4, is positive, 4; € C*(0, o) N C[0, o0),

4,0)=A4,0)=1 and  Lm A4,(¢) = lim Ay(x)=0.
t— 0 X — 00

Thus by definition of completely monotone, we need only to prove that

dn

D"

A()=0 Vn=1,2,., t>0.
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Forn=1, 2 we have

d d .
—= A= —<a A0>(log(l+t)) (1+0)7'>0, ¢>0

2

j A,(t) = (1+t)_2{<d 2A0>(10g(1+t)) (d A0>(log(l+t))} t>0.

Suppose that for some integer n > 2

n

@ — A () =1+ ) aP(-1)* (—AO>(log(l+t)), t>0

( 1) dn
k=t (5.25)

with a®® >0, k=1,..., n. Then we compute

n+1

dtn+1

(=D 5 40

n+1

=1+ IZ al*V(=1)* <—A0>(log(1+t)), t>0

where
a"V =nal” >0, al""V =na®+a”, >0, k=2,3,..,n; a’ P =a® >0.

This proves that the equality (5.25) with all a{® >0 holds true for all
n=1,2,3,.... Thus 4,(t) is completely monotone on [0, c0). ||

6. GLOBAL STABILITY

In this section we prove Theorem 3 and its Corollary. Before proving
the theorem, let us explain why assume that F is not a Dirac measure.
Suppose that F € %,(R?) is a Dirac measure. Without loss generality we
assume that F € P,(R®) and F concentrates on 0 € R?, i.e., [g3 ¢(v) dF(v) =
$#(0) V¢ € C(R?). Then we have

VG € P,(R) satisfying G # F = lim ||f, —g,|l5, = lim ||f, — g4, =2.
t— 00 t— 00
6.1)
Here f, and g, are solutions of the Boltzmann equation (1.19) with

fil;—o=F and g,|,_, =G. Note that since F is a Dirac measure, it is an
equilibrium, i.e., f, = F
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(6.1) shows that even if the initial distance || —G||,, can be small, for
instance G=(1—¢) F+&M with 0 <e¢<<1 , the distance |f,—g|s, of
corresponding solutions can not be small uniformly unless G = F'.

The proof of (6.1) is as follows: We first prove the following property:

HeP(R® and  H({0})=0 = |[F—H|,, =2. (6.2)

Since ||F— Hl||5, <2, we need only to prove that ||[F— H]4, > 2. Con-
sider the following test functions ¢, (v): For each integer N > 2, define a
continuous function ¢,(r) on [0,00) by ¢y(r)=1 for 0<r<1/N;
dn(r)=—1 for 2/N <r<N; ¢y(r) =0 for r > 2N, and |py(r)| <1 for all
r>0. Let ¢ (v) = dy(|v]). Then we have, by ||¢yll.» =1 and H({0}) =0

1=l 2| [ ) dF @)= [, 840 dHHC)

2
>2-2 dH(v)—Wf PdH@) -2 (N - o).
R

0<|v|<2/N

Now we prove (6.1). If G is not a Dirac measure, then T, =
i [&? lv—ug|* dG(v) > 0 where u; is the mean velocity. By Theorem 2 we
have lim, _, ||g, — M;||5, = 0. Thus, recalling that f, = F is an equilibrium
and using the property (6.2) we obtain

lim If, —gilla, > im |If, —gilla, = IF — Mg, =2.

If G is a Dirac measure, i.e., G concentrates on u, then u; # 0 since G # F.
This implies that G({0}) = 0. Since g, = G is an equilibrium, it follows from
(6.2) that

If:—&lla, Zf: —&lla, = 1F —Gla, =2, 120.
This proves (6.1).

Proof of Theorem 3. Let F be given in the theorem and let
0<Ge % (R?. Let f,, g, be distributional solutions of the Boltzmann
equation (1.19) in C([0, 0); 4, (R, |- ||4,)) with f,|,_o =F, g|,—o = G. For
a technical reason we define

3(I1Fls,)* Tr 1115,
16(1Fll4,)* " (12+8 Jug]) |Fll5,

. 1
D, =min {1.5 1Pl Joolo=url dF )}
R
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By assumption on F, it is obvious that Dy > 0. If |[F —G||,, = Dy, then by
conservation law (1.18)

If: =& lla, < Flls, +1Glls, < Cr |F = Gllg,.

Here and below the constant C depends only on |ug|, T}, ||F|4,, and
f3 lv—up| dF(v), ie.,

Cr=C <|uF|, Ty, | Fllays | lo—url dF(v))

and where the function (y,, ¥,, ¥3, ¥4) — C(¥1, V5, V3, V4) 1s continuous on
[0, ) x (0, 0)* and has an explicit representation in terms of its argu-
ments y,. Note that ||F|,, is a function of (|ug|, Ty, |F|ls,). In fact
IFlls, = (1+|ug|*+3T;) |Fllg,- Also, if |[F—Gl|s, =0, then the uniqueness
implies that the estimate (1.26) in the theorem holds true. Therefore in the
following we assume that

0 <|IF—Gllg, < Dg. (6.3)
Note that this implies first that G is not a Dirac measure! (See below).

Before estimating | f, —g,|s,, wWe collect some elementary estimates
which are easily checked using the condition (6.3) and definition of Dy.

1 3
5 1Ellay <11Glla, <1Glls, <5 1F s,

F G 4 |1F s,
- < I1F —Glls, (6.4)
H IFlls, 1Gla, ll2. ~ (IFlls,)? *
2 ||Flg 3[|1F ]l
lup —usl < =5 1F —Gllg,,  lugl <5777 (6.5)
T (1 ley)? * “ T 2||F g,
and
4(I1Fl4,)*
url? = lugl?| < === |IF =G
’ T (1 la)? ”
which together with
dF(v)
3T — 2 _ 2
P= [P ., !
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gives

8(I1Fll4,)*
1Ty~ Tol < 333
T 31,

IF —Glls, - (6.6)
And finally, the condition ||F—G||4, < Dy implies that
0<3Tr<Ty; <iT;. (6.7)

Now by distributional version (1.19) of the Boltzmann equation we
have

t
Ifi—&lla, < |F—Glla, +L Ife o fe—8: ° &lla, dr

t
+L E Nz, S e =Gz, &:lla, .

By the conservation law (1.18) we have

Ife o fr=8: © &lla, < (IFllas, +Glls,) 1S =&,
I El\z, /= = 1Gllz, &:lls, < (IF |5, +1Gll5,) 1fz — & la, -

Since [|G|ly, <3 ||F|l4,. this gives

t
If: = &lla, S NF—Glla, +5 |Flla, fo Ife —&lla, dr,  1€[0, 0)

so by f,, g € C([0, ©); B,(R? |||l 4,)) and Gronwall lemma we obtain
1f: — & lla, <IF—Gllg, &=, 1€ [0, c0). (6.8)
On the hand, we have

If: = &illa, < fi = MElls, + g — Mglla, + 1M r — Mll5, - (6.9)

Here My, M; are the corresponding Maxwellians. Since the distribution
t—2 f(%) is a solution to the Boltzmann equation with initial datum
1F € P,(R®) where a = ||F||y, > 0, by Theorem 2 we have

1 at\ 1
()
a a) a

Ifi—Mpllg, =a < a¢B,%F(e_ﬂat)a t€ [0, o)

* (6.10)
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and similarly with @ = ||G||4,
lg: = Mslls, < @®p,15(e?™), te[0, ). (6.11)

Now we estimate adj 1 G(e ~#ay . By monotonicity of Q3(r) and
IGlls, =5 1Flla, We have, with a = |F],,

. 3
@Dy, (e ") <5 |Fla, Pp1o(e )

3 dG(v)\ 1/
= 31 CaC1 -+l 17077 [ o=l T )

1G4,
X Q5((e7" + Tg i, (€727)) /). (6.12)

Further, using the above estimates (6.5), (6.7), (6.4), (6.3), and definition of

D, we compute
3 ||F 3 2
<1+|uG|)3(1+TG)2<<1+ ” ”ﬂz) <1+-TF>;

2 ||F g, 2
[, o=l S 2 [ o=l 2| <5 ] o=l T
’ 1Glls, I 1F g | 2 w2 73/ PA
Thus
I lo— dG(v) _[ dF(v)
: "G”ga ”2 ”F”%
and so

(+uoh? 14702 ([ o=l 2 )

1G4,
3IF 3 3 2 —1/30
<21/30<1+_" ”5?2) <1+§TF> (”F"%)l/m <fR3 |u—uF|dF(U)> .

2 ||F|| g,
(6.13)

Also by definition of the function Jx( - ) and using (6.4) we have

dG(v)
1G],

1 g4 =j 2
Je /16, (€72") o> e 3B lol

4|F |,

1
<=2 |F—Gllg, +—i— Jp(e 2P 6.14
1T, I lls, + r(e2™).  (6.14)

1F L4,
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Combining (6.11)(6.14) and using the property Q3(Ar) < (1+41) Q%(r)
(4, r=0) we get

lg, — Mglla, < CoCrQh([e 2 +||F — Gl 4, + Jp(e2#)]/®) . (6.15)
Next we estimate ||M;— Mg||,1. We have

[Mp— Mgl

<[ ) 1, — [Gllay | T) /2 71010 gy
R

+1Gla, [ | (L+1of?) |2nT;) /2 7o orf/CT0 — (2T ) 212 oo /0| iy
R
and for the first term in the right hand side of this inequality we have
2
fR3 (L+101*) [I1Fll5, — IGllg, | (2nT) /% e 7174 /CIO dy

<|IF = Gllg, (1 +|up|* +3T5).

To estimate the second term, we use the differential mean value formula to
the function (u, T') > T ~>/%e P~/ e R, T € (0, c0). Then we obtain

|T73/2 o= e/ @Te) _ 7 =3/2 g—lo—ual’/ CT5)|

1
<[ 7(0) P &= |y u(B)] g —ug)
0

1 [ T(0) 7 e OO (o B)[2 + 3T(8)) [Ty T, | d
0
where u(0) = Qup + (1 —0) ug and T(6) = 0T, + (1 —6) T;. This gives

j L (L+ o) |(2aT) eI/ QTR _ (T )32 o oo’/ Q)| gy
R

<G fol (L+T(0)+ (@) )T(O) " up —ugl +T(0) ™" |Tr — T|) df.
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Also, from the estimates (6.7) and (6.5) we have
1 . 3
ETF <min{Ty, Ty} < T(0) < max{Ty, Ty} < 3 Tr

3 11F s,
2 [|F |,

u(0)] < max{|ug|, lug|} <
Thus
j 3 (1+ v |(2nT,) 32 e—|”—“F|2/(2TF)_(27-L-TG)—3/2 e—lv—uslz/(ZTG)I dv
R

S Co(l 4T +(IFlla, /1 Flla) )T 77 lup — i) + T |Tp — T ),
and combining the estimates (6.5) and (6.6) for |uy —ug| and [T — T,
1My — Mgl < Cr |F —Gllg,. (6.16)
Now choose 7, > 0 such that

"F_G”gaz eSWFlay to — o—(BIFlaz/120) 1o

1 1

ie. f,= 10g< > (>0).

BIFI, —
5 ”F”gaz + 120% I G”%

Then for all € [0, ¢, ], we have, using (6.8),
1f: — & lla, <IF—Gllg, &1 <||F —Gllg, eVl

= [IF —Gl%, 1% < 32Q5([IIF — Gll%, + J-(IF — G1%,)1"/*)
(6.17)

where o >0 is the constant given in the theorem. In the following we
assume that te[¢,, ). In this case we use the estimate (6.9). Since
a=|F|s, and

e 2h L e 2P WFlato = (¢~ BWFlao/ 120 10) 60 — | F_ ||, t>1,
PR =
it follows from (6.10) and using the property of Q75 (r) again that

If: = Mrlla, < CsCrQu(LIF = Gll, + I (IF — Gl5,)17%),
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and for |g,—Mg|4,, notice also that 0 <|[[F—G|4 <1 and O<a<
B IIFlla, /(10 ||F||5,) < 1, we have by (6.15) that

lg: = Mrlla, < CoCrQ3(LIF =Gl +Jr(IF = Gl5,)1"®).
Together these with (6.9) and (6.16) gives for all ¢ € [¢,, o0)
1. —&lla, < CsCr{llF —Gllg, + QE(LIF — Gl%, +Jr(IF = Gl5,)17)}.

Combining this with the same kind estimate (6.17) on [0, #,] gives the
global estimate (1.26) in the theorem, and from the above derivation one
sees that the constant C;. for defining the function ¥ () in the theorem
can be written as an explicit and continuous function of (|uz|, Tz, |Fll4,,
f3 lv—ug| dF(v)). The proof is completed. ||

We conclude this paper with the proof of the Corollary to Theorem 3.
The strategy is to approximate general initial data F in the %, norm by
initial data F; that has finite fourth moments. It is well known that a
bound on fourth moments is propagated uniformly in time. By the global
stability in 4, that has just been proved, the “energy tails” of the solution
starting from F cannot be too much worse than those of the solution start-
ing from Fy. Since these are controlled by the fourth moment, we obtain an
estimate on the “energy tails” of the solution starting from F.

Although property of moment propagation for the Maxwellian model
is not new (refs. 14 and 19), we prove a simple explicit bound here that is in
a suitable form for our purposes.

Lemma 6.1. Let 0< F e %,(R?), and let f, be the unique solution
of Eq. (1.19) in C([0, c); %,(R?, ||-|l4,)) with f,|,_, = F. Then

j3|u|4dﬁ(u)<(2—e—f“)j |t dF), 120 (6.18)
R R
where

A=n j " B(cos(6)) sin*(8) d6 ||F]s,

Proof. The global boundedness of the fourth moments is well
knowm. To obtain the explicit estimate (6.18), we use the following repre-
sentation of |v'|? and |v}|%

[v']2 = [o]? cos%(8/2) + lva|? sin*(8/2) ++/[v]? [va]>— v, v, sin(B) cos(¢— ),
|04 = [o]? sin*(0/2) + [va|? c05%(8/2) = /1v]? [4]— <, v )? sin(6) cos(d— ),
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where 6 = arc cos({v—uvy, o) /|v—v,]) (for v=1v, we define 6§=0), e
[0,2n] and o« is independent of ¢. This representation results from the
following parameterization of the unit sphere:

o = cos(8) ”:Z*l +sin(0)(cos() i+ sin(d) j).

lv

where {%, i,j} is an orthonormal base of R’. Using the above represen-
tation and recalling that 2n jg B(cos(8)) sin(f) df = 1 one computes

- 1
[ B((mmo ) )1 do = (5=5 ) (ol +loal)+alof =3 <o, 0.)?
s? [v—vy 2 4 2
where
a=2n j " B(cos(8)) sin*(0) dé.
0

From this equality and the local boundedness we have (using conser-
vation law (1.18))

d 4 _ 4 4
T ) = [ et o £ = IFls, | | 1ol df(0)
a 2
=5Vl [, Wt aro+a [, WP aro) )
R R
a
=5, vt dfiw) df. (o).
Neglecting the last term and using the inequality
2
(I, bR dF@ ) <V, [, bl P
R R
we obtain
d a
T ] 0 S @) < =S 1Pls, [ 1l* dfi(0) +a | Fls, [, 1ol dF (), 120

which gives the estimate (6.18) by Gronwall lemma. [
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Proof of Corollary to Theorem 3. Let R>0. By [, [v|*df,(v)
< ||F|l4, we can assume that R > 1. Let F be a positive measure defined by

dFR(U) = 1{|U| Sﬁ} dF(U)
Then, since R> 1,

1

\F— Fyla, <275 (—)
JR

Now let #+— f , be the distributional solution of the Boltzmann equation
(1.19) in C([0, ©©); %,(R’, || |l4,) With f ,|,—o = Fx. Then by Theorem 3 we
have

1
sup 1f,~ ey < ¥ (1F — Fela) < ¥ <2JF <77z>>
On the other hand, applying Lemma 6.1 to the solution f , we have
[ ol dfe ) <2 o' dFe@)=2[ |bl*dF (o) <2R |Fll,.
R3 R3 <R

Therefore forall t >0

1
J, o 107 @) SIS Fr o+ gz [ 11 Loy @ 0)

1 1
<V, (2JF <—>>+2 1Fls, ~.
, \/E R

This proves the Corollary. ||
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